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Exercise 1. The convolution f * g of two functions f, g ist defined by

(f + / F(r)glt - 7)dr

Let f € R — R und ¢ € R. The function cf ist defined by
cf €eR =R, (cf)(t) =cf(t).
Show that

(cflxg = c(f*g).

Solution for Exercise 1.

g = [ (e gt — )

oo
= [ et —ryar
= o strgte-ryar
= o(fxg)
Exercise 2. The delay of a signal f by  is indicated by an index £, i.e.

fity = flt—1).

Show that
fixg = (f*9);

Solution for Exercise 2.

i a)t) = / fi()g(t - 7)dr

= L f(r =gt —7)dr.

Substitution

p=1—t, —=1, dr=du.



Therefore

/OO f(r =gt —1)dr

— 00

f
- flglt - t— p)dp
f

/

/
IRETE
(f*g

(f*g

)(t — 1)
)i (t)-

Exercise 3. Let g be a T-periodic function. Show that fx*g is also a T-periodic
function for any function f.

Solution for Exercise 3. Let g be a T-periodic function, i.e.
gt+T) = g(t) for all ¢.
Let f be an arbitrary function. We have to show that

(fxg)t+T) = (fx9)() for all ¢.

By definition

(e = [ fat-ndr
und therefore
(fxg)t+T) / f(r)g(t+T — 7)dr.
As g is a T-periodic function, it holds that
gt+T—-7) = g(t—7)
und hence
Frae+T) = [ fwae- s
= (fx9)®).
Exercise 4. Let a < b and

o) = {1 ifa<t<b

0 else.

Show that for any function f it holds that

t—a

(f*9)t) = f(x)de



Solution for Exercise 4.
(Fea®) = [ 1t=mgryr

_ /: f(t - r)dr.

Substitution
r = t—T
dx
- - 1
dr
dr = —dx
It follows that
t—b
(fxg)t) = f(@)(—dx)
t—a
t—a
= f(z)dz.
t—b

Exercise 5. Show that convolution is commutative, i.e. for all functions f, g
it holds that

fxg=gx*f.

Solution for Exercise 5.

o0

(f*g)(t) = / F(r)g(t — r)dr

=—00

With substitution p =t — 7 and dr = —du we obtain

A e I
= [T sse-man

=—00
e}

= [ anse-nar

=—0Q

= (g% f)(1).

Exercise 6. For a > 0 let index a denote the compression of a function by
factor a, i.e.

fat) = flat).

Show that

fa*Ga = é(f*g)a'



Solution for Exercise 6.
Gorad® = [ fu(rae = e
— [ fangtate - s
- /Oo f(ar)g(at — ar)dr.

Substitution.
u = ar, du:a, deldu
dr a
‘We obtain
/ flam)g(at —ar)dr = f at—u) du
- 1<f* )(at)
= a g)la
1

- a(f*g)a(t)'

As this holds for all ¢, it follows that
1
Ja*ga = E(f *9)a-
Exercise 7. Let f,g,h € R — R be functions. Function g + h ist defined by

g+theR =R, (g+h)(t) =g(t)+ h(t).

Show that
fx(g+h)=(f*g)+ (f*h).

Solution for Exercise 7.

(Fe@+m0 = [ @)+

/ T ) gt — 7+ bt — 7))
_ / T (F)glt —7) + FOh(E —)dr

/ f(r t—TdT+/ f(m)h(t —7)d

(f +9)(&) + (f * h)(t)
(fxg+ fxh)(t).

Exercise 8. Show that o * f is an antiderivative of f, i.e.

(xf) = f

This means that convolution with o causes integration.



Solution for Exercise 8. Let F' be an antiderivative of f. Then

@0 = [ at-n@r

/_too f(r)dr

= F(t) - F(—o0).

Hence

(0xf)(t) = (F(t) = F(-00))

\j
—
~
~—

Exercise 9. Show that

(fxg) = fxg.

The proof is straight forward with Fourier Transform but it is a good
exercise to do it in time domain as well.

Solution for Exercise 9. Proof in time domain:

(

(f*9)(t) *g)(t+dt) — (f * g)(t))

(f
(/ t—l—dt—rdr—/ Fr t—r)d7‘>
-l

_ /OO f(T)g(tertf;)fg(th)dT

t
— [ st nar
= (f+9)®).

Proof with Fourier Transform: From

1
dt
dt

flr
f)(g(t +dt —7) —g(t —7))dr

f'(t) o—e juF(w)
and the Convolution Theorem it follows that

(f*9)(t) o—e jw(F(w)G(w))
=  Fw)(juGW))
—o (f+g)®).

Exercise 10. The Heaviside step function o(t) ist defined by

ot) = {1 ift>0

0 else.



o Let

f&)y = o(t)e”

g(t) = o(t)e.
Compute
(f*g)(t)
and simplify the result as much as possible. Consider also the special
case a = b.

e Use your result to compute f * g for

f@t) = o(t)sin(t) and

g(t) = of(t)cos(t).
Hint:
sin(t) = Zij(ejt e ")

Solution for Exercise 10.

« Convolution of f(t) = o(t)e™ and g(t) = o(t)e’.
(f +g)(t)
[ gt nar

t
= U(t)/ eaTePt=") g
0
t
= a(t)ebt/ e e ) dr
0

t

= U(t)ebt/ el e 0747
0

1

= U(t)ebtm[e(aib)‘r]éﬂ if a # b
— bt (a—b)t __
o(t)e 3 b(e 1)
1

= o(t)a 3 (™ — ebt)

If a = b we obtain
t
(Fa)®) = o [ coorar
0

t
= o(t)eat/ ldr
0

= o(t)te™.



o Convolution of f(t) = o(¢)sin(t) and g(t) = o(t) cos(t).

(f *9)()

(/' —e ™) xo(t)= (e +e77")

N | =

2j

(ejt xelt — e Ity eIt el eIt — It 4 ejt)
=0
" (ejt et _ ity e—jt)
J
= O'(t)@ (tejt — teijt)
1 .
= U(t)§t sin(t).



