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Homework for Digital Signal Processing
with Solutions
Sheet 6

Exercise 1. Let A € R™™ "™ be an orthogonal matrix, i.e. a matrix whose
columns are pairwise orthogonal unit vectors which means

q q_{o if i #j

GCdi =131 else

where @; and @; are the i-th and j-th column vector of A. Show that it
holds that
ATA=E

where F is the n X n unit matix.

Solution for Exercise 1. For the multiplication of two matrices A, B € R™*"
it holds that

(AB);j = i-th row of A times j-th column of B.

The i-th row of AT has the same components as the i-th column of A.
Therefore the i-th row of A is equal to @ and

(ATA),; = aja;
5i [©] 6_7
o 0 ifi#y
1 else

This means that all elements of (AT A) are zero except for the diagonal
which is one, hence
ATA=E.

This result is obtained in a formal way as follows:
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(ATA);; = (AT Ay,
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Exercise 2. Let &,y € C™ be vectors with components

J— eQﬂ'juk/n

T eQﬂ'jvk/n



for k=0,1,...,n—1. The complex inner product of vectors is defined as
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Show that for arbitrary u,v € Ny it holds that
o o J 0 ifu#v
rey= { n if u=w.

Hint: Try to rewrite the inner product as
n—1

oy = a
0

k

=
Il

for a suitable a and use the formula

—1
a = .
a—1

k=0

Solution for Exercise 2.

n—1
Toy = Zﬁyk

k=0
n—1

_ Z e—27rjuk/ne2ﬂ'jvk:/n
k=0
n—1

_ Z 6727rj(v7u)k/n
k=0
n—1

- Z (e~2milv=w)/n )k
k=0 M

n—1
= > d
k=0
for

a = 6727rj(v7u)/n'

e If u =wv then a =1 and therefore Z o = n.

o If u##vlet s= 2oy and hence



Multipliying both sides by a we obtain

n—1
as = a a®
k=0
n—1
_ ak+l
k=0
n
- Y
k=1
From this we obtain
n n—1
as—s = Zak—Zak
k=1 k=0
= a" -1
and therefore
s(la—1) = a"—1
a”—1
s = .
a—1
With the above choice of a we obtain
a = (6727Tj('u7u)/n)n
_ 6727Tj(v7u)
= 1.
Hence
a” —1
= =0.
a—1
Exercise 3. Write a program which computes matrix B € C"*™ for an arbitray
n € N where
bk@ — eQﬂ'jk@/n.

Solution for Exercise 3. Programming exercise.

Exercise 4. Write a program which computes for given Fourier coeflicients
Z € C™ the corresponding samples f by matrix vector multiplication

f =Bz

e The Fourier coefficients Z appear in conjugate complex pairs. Make
some tests that f is real if 2’ satisfies

Zn_p =z forallk=1,...,n—1.

e Test that fr, = Ag for all k =0,...,n — 1, i.e. the signal is constant
if
z0=Ag, zr=0fork=1,...,n—1.



e The Fourier coefficients are given by
1 _
zkziAkeJ‘Pk, k:1,2,...,n/2—1

where Ay is the amplitude of the k-th harmonic of f(t) and ¢y is its

phase. Verify that the samples f are actually m periods of a cosine
wave with amplitude 2 if

|1 ifk=mork=n—m
T 0 else

fork=1,...,n/2—-1.
Solution for Exercise 4. Programming exercise.

Exercise 5. Implement a function for DFT and IDFT. Test with some random
vectors 7 € C" and f € R"™ that

= IDFT(DFT(f))
DFT(IDFT(2)).

Ny \l

Due to rounding errors of floating point arithmetic small deviations may
occur. Do not forget the factor 1/n!

Solution for Exercise 5. Programming exercise.
Exercise 6. Let
f(t) =3+ cos(t + 1) +2cos(3t + 2) — 5cos(4t — 1)

be a Ty = 27 periodic function. Sample f(t) at 16 equidistant points in
the interval [0, 2] and form a vector f € RS, What are the corresponding
Fourier coefficients 7 € C'6? Use the program from the previous exercise
to verify that the DFT actually gives those values.

Solution for Exercise 6. For the Fourier coefficients z; it holds in general

that
zZo = AO
1 .
PI— iAke””“, k=1,...,n/2-1
Znj2 = 0
2k = Zn_gk, k=mn/24+1,...,n—1.
For the given example it follows that
zZ0 = 3
1 .
71 = 563
z3 = 62j
O iim_
2 = 5ej(ﬁ 1
O _itm_
212 = 5@ J(m=1)
zZ13 — efzj
1 _
Z15 — 56 J



and all other z = 0.

Exercise 7. The matrices B and B* consume a lot of memory for large n.
However, the entries of the /-th row of B can be obtained from the entries
of row £ =1 of B by selecting every ¢-the element. Prove that

By = Bi,(kt)modn
forall ,k=0,1,...,n—1.
Here mod is the modulo operation and
(kf)modn = kl—un
where u € Z is such that
0<kl—un<n.

The same property holds for B*. Implement the DFT and IDFT in a
memory efficient way where only row £ = 1 of B is stored.

Solution for Exercise 7. Let v € Z such that
0<kl—un<n.

Then

27j(k€) modn/n
Bl,(k:f) modn — € i(ke) /
_ eQTrj(k:Z—un)/n
_ e?ﬂjkl/ne—Qﬂjun/n
627rjk£/n 6727rju
N——
=1

e27rjk£/n

Exercise 8. Let

pt) = Y o(t—Ty)
{=—c0
be a pulse train with period T%.
Assume f(t) is To-periodic with Ty = nT5.
Show that f(¢)p(¢) is also Ty periodic.

Compute the Fourier coefficients z of f(¢)p(t) by integration and show
that

—1
15 _omj
T = ﬁ E fge 2njke/n
=0

DFT of f



where f; = f(¢Ts). This means that the DFT of the samples f; of one
period of f can also be interpreted as the Fourier coefficients z, of the
sampled signal f(¢)p(¢) times T for k=0,...,n — 1.

As f(t)p(t) is not band limited, we have infinitely many non zero Fourier
coeflicients zx. However, due to sampling in time domain the z; are peri-
odic. Show that zpy, = 2z for all k.

Solution for Exercise 8. As f(¢) is Ty periodic, it holds that f(¢) = f(t+Tp).

P+ Top+To) = 7)) S 6+ T~ (1)
l=—o00

= F®O Y 8- (—n1).
l=—00

Substitution u = n — £ gives

F6) D dt—uTy) = f(t)p(b).

U=—00

The Typ-periodic function f(t)p(t) has fundamental frequency wy = 27/75.
Further, it holds that

2 2 2T
T, = —T, = —T, = —.
wo TQ nTS n

The Fourier coefficients of f(¢)p(t) are therefore

1 [T ,
a = 2 [ fopeatar
To Jo

1 [T , =
= = t)eIkwot S(t — 0T5)dt
T ARLY > 8t — Ty

{=—o00

1 [P & :

= — t)e IR0t st — 0T, dt
7o ), > r) ( )
To 0

1 > FUT e IRt T G (¢ — 0T dt

To Jo 7=,

l=—00

Ts

1 = , n
= = foe2mikt/n / §(t — 0T, dt
P Z;OO ol )

The Dirac pulse §(t — ¢T;) falls in the region of integration [0,nTs] if
0 < ¢ < n-1, provided we assume that the Dirac pulse is causal. Therefore

nTs : _
/ 5(t— (T)dt = {1 if0<l<n—1
0

0 else.

This means that all summands ¢ are zero except for £ = 0,...,n — 1.



Therefore

1 n—1
P E fg€727rjk£/n
nT,
£=0
1 n—1
T, = = E f@B_Qﬂ—‘]]d/n.

n

=0

The periodicity of the Fourier coefficients is shown as follows:

1 n—1
Z fee—Z‘n-j(k+n)€/n
£=0

Rk+n = nT
s
n—1
_ 1 E fe€727rjk€/n 6727rjf
nTy ~——

= Zk.



