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1 Foundations

1.1 Dirac Pulse

Let € > 0 be a small positive number and g. be an impulse of width € and area
1.

9Je

Area 1

The concrete shape of g. is undefined, all we ask is

0 for t & [0,¢]
g:(t) > 0 for all t € [0, €]

@
)
—
~
=

and

/Oo ge(t)dt = 1.

— 00

Such narrow pulses play an important role in digital signal processing, especially
in the ideal case when e goes to zero. The resulting function is called Dirac pulse
and is denoted by 0(¢).

From the above requirements it follows that

0(t) = Oforallt#0
and
/ S(tydt = 1
(1)
A
Area 1
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Such a function can obviously not exist, hence 0(¢) is called generalized function
or distribution. In order to preserve the property that the area under §(¢) is
one, we might require that §(0) is infinity, but that would not help either,
because zero times infinity is undefined and certainly not one. Nevertheless we
sometimes write

0 ift£D
o) = {oo itt=0

and express infinity with a vertical arrow when drawing 4(¢).

The easy way to avoid such problems is to think of 4(¢) as an “infinitely narrow”
ge(t). Whenever 6(t) occurs in a term, we simpliy substitute it with g.(¢) and
take the limit € — 0 of the entire term, i.e. after the term was evaluated with
g<(t). This will actually do the trick:

/ o(t)dt = lim </ gg(t)dt> = liml = 1.
oo e—0 o e—0

In this interpretation 6(¢) is nothing but a symbol similar to dx which saves
us from the pain of writing limit operations all the time. For example, the
derivative of f(z) is defined using differential notation as

[z + dx) — f(z)

7t = g

which is just an abbreviation for

f J@t A — f(@)

Az—0 Az

This understanding of 6(¢) fits its practical use. We cannot generate ideal Dirac
pulses physically or experiment with them. What we can do is conduct experi-
ments with narrow pulses like ¢.(¢) and observe the results when e approaches
zero. If g.(t) represents a real physical signal like an electric voltage or a me-
chanical force, we may further assume that it is smooth, i.e. derivatives and
integrals always exist.

A useful property of the Dirac pulse is that it is even, i.e.
o(t) = 6(—t).

For t # 0 both sides are zero and for ¢ = 0 both sides are 6(0).

A naive understanding of the Dirac pulse might lead to the conclusion, that
20(t) is the same as §(¢). After all, two times infinity is infinity and two times
zero is zero. Yet, this is not the case because the area under 26(t) is

/ w(t)dt = lm [ 20.(t)dt = 2 / g (dt = 2

o e—=0 J_ o o

and hence different from the area under §(t). Therefore

co(t) # o) forc#1.
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Like any other function we can shift the Dirac pulse to an arbitrary position
t = a and obtain

5(t_a):{ 0 ift#a

oo ift=a

5(t —a)
\

As the Dirac pulse is an even function, it holds that

0(t—a) = d(a—1t).

The product of a function f(t) and a shifted dirac pulse 6(t—a) can be simplified:

Theorem 1.1
Let f(t) be continuous at t = a. Then

f@)ot—a) = f(a)é(t—a) forallt.

e Té(t—a)

This means that the function variable ¢t can be replaced by constant a in the
argument of f. We can convince ourselves easily that this is correct:

o For t # a we have t — a # 0, hence §(t — a) = 0 and both sides are zero.

o For t = a both sides are equal f(a)d(0).

Remark 1.2 Actually, the above equation holds only if f(¢) is continuous
at t = a. If we argue more precisely, we have

O3t —a) = lim f(t)g(t ~ )
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As g.(t — a) # 0 only for ¢ very close to a, we can replace f(t) by its
function value for ¢ very close to a, which is

lim f(¢t).

t—a

But if f is not continuous at t = a, this limit does not exist or is different
from f(a).

From the above theorem we can deduce the sifting property of the Dirac pulse.

Theorem 1.3 (Sifting Property)
Let f € R — R. Then it holds that

[0 F8—ydr = f(1)

for all t where f(t) is continuous.

The proof is as follows. With the same reasoning as above we have
[t —7) = [f(t)é(t—7)

and obtain

/_O; [Pt — T)dr = /_O; F()8(t — 7)dr
£ /OO 5t — 7)dr

— 00

= f@).
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1.2 Convolution

Definition 1.4 (Convolution)
The convolution f * g of two functions f, g is defined by

(fra)t) = [ffumu—ﬂm.

Convolution is a function of functions like e.g. composition or addition of func-
tions. Note that (f * g)(t) is definined only if the improper integral converges.
This is always presumed in the following.

Convolution is commutative, i.e.

fxg = gxf.

This is obtained from

o) = [ f@ete-ryar

=—00

with the substitution p =t — 7 und dr = —du:

/0<> f(r)glt —7)dr = /Rm—fu—umumm

=—00 =00

= /m) g(p) f(t — p)dp

=—00

- [m o) f(t = 7)dr

=—00

(g% £) ().

What happens if we convolve a function f with a Dirac pulse §7 From Theorem
1.3 it follows that

(f *0)(t)

/:X) f(r)o(t —r)dr
f(t)

and hence

fxdo = f.
The Dirac pulse is therefore the neutral element of convolution.

When we attach an index f at a function we mean from now on that the function
is shifted by ¢, i.e.

f:(t) = f(t—1%) forallt.
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Convolving a function f with a shifted Dirac pulse has the effect that the func-
tion is shifted. This follows from the above sifting theorem:

Fes)0) = [ s -
- /Zf(r)a(t—f—T)dT
= /Zf(t—f)(;(t—{—T)dT
- f(t-f)/ié(t—f—T)dT
Ft— ).

Therefore it holds that

f * (Sf = ff'

The Heaviside step function o(t) is defined as
1 fort>0
ot) = { 0 fort<O.

The convolution of a function f with the step function o gives an integral of f.

(fro)(t) = [%fvwa—ﬂm

/_too f(r)dr.

In the last step we used that o(t —7) is zero as soon as 7 > ¢ and one otherwise.

If a function is not differentiable, we can smooth it by convolution with g.. If
we take limit ¢ — 0 afterwards, not much has happened. With this simple trick
we can differentiate a function f, which are not differentiable in the strict sense:
Smooth f by convolution with g., differentiate and take limit ¢ — 0 afterwards.
This operation is called generalized derivative:

/ o . /
) = () (1),
To see that this actually works, we compute the derivative of o(t), a function
which is not differentiable at t = 0.
a'(t) = lim(ox*g.) (t)

e—0

= gh—% </; gE(T)dT>

= tm (1G]

= lim (Go(t) = G=(~o))’
= ii_I}%Gé(t)

!

= ili% e (1)
— s,
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This means that the Dirac pulse is the generalized derivative of the step function:

Convolution has many other properties, some of which are summarized in the
following theorem.

Theorem 1.5 (Properties of Convolution)
Convolution has a neutral element 9.

fxd = f
Convolution with a shifted pulse causes shifting.

frop = f;
Convolution is commutative and associative.

frxg = gxf
(frg)xh = [fx(gxh)
Convolution is a linear operator.

(af)xg = a(f*g)
(fi+/f2)*g (fi*xg)+(fax9)

Convolution is time invariant.

fixg = (f*9);

Convolution with o means integration.

(fxo)(t) = / f(r)dr.

The proofs are not difficult and almost trivial with the help of the convolution
Theorem 1.19 of the Fourier transform. Take associativity as an example
(f+g)+h o—e (FG)H
= F(GH)
——o f[x(gxh).
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1.3 Fourier Series

Theorem 1.6
Let f(t) be a piecewise continuous T-periodic signal. Then there exist
Ay, and @y, such that

S 2
f&) = Ao+ Aycos(kwt + @r), w:%
k=1

for all t where f(t) is continuous.

A T-periodic signal can be presented as a superposition of harmonic oscillations
whose frequencies are entire multiples of the fundamental frequency w = 27/T.

We can simplify this sum somewhat with complex numbers.

fit) = A+ Z Ay, cos(kwt + py)
k=1

= Ap+ Z re (Akej(kWt+‘Pk))
k=1

o0
= Ao+ Z re (Akej“"kejk“t)
k=1

o
= Ao+ E Z ApelPrelket L A eivr erkwt
20
1 o0
= Ag+ - ZAkej%ejkwt 1 Apedergmikwt
2

k=1

1 1
Jpk Jjkwt —JjoK ,—jkwt
= AO+,§1§A’C€ ke —&—kglszke ke

oo — 00
- A +§ ' EA JPr pikwt + lA —JP—k pikwt
0 B k€ € B k€ e

Zvo k=1 —— k=—1 —_———
Zky k:1,27... Zky k:71,72,...

o'} —1
_ ZO+§ Zkejkwt+ E Zkejkwt
k=1

k=—o0
9]
_ E Zkejkwt

k=—o0
where
20 = Ao

B 12 Ayeler for k>0
k= 1A _pe=3%9-r  for k < 0.
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For example

1 .
zZ3 = 51436]803
2.3 = lAge*j%Os
B 2
= %'

The Fourier coefficients z; appear in conjugate complex pairs, i.e.

Z_L = Zk.

From Fourier coefficient z; we can obtain amplitude and phase of the k-th
harmonic:

Ay = 2
A = 2|zl
o = <z), k=12,...

In order to compute the n-th Fourier coefficient z, of function f(t) we begin
with the equation

o0
i =Y e
k=—oc0
and multiply both sides with e=7"«¢:
o0
ft)e imtdt = Z ZpelkteInwt gt
k=—o0
Integration from ¢t = 0,...,7T on both sides gives
T ‘ T . ‘
/ ft)e Imtdt = / Z 2pelfwtemimwt gy
0 0 oo
00 T
= Z zk/ eI tk=n)wt gy
k=—o00 0

The integral can be solved as follows:

e If K =n we have

T T
/ el (k=mwt gy — / 1dt = T.
0 0
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e If k # n we have

T
/ ej(k:—n)wtdt
0

J(k = n)w 0
= k- nw (T 1) w=omT
= o (emit=m 1) k-nez
= e Y
= 0

Hence

T
/ ej(kfn)wtdt
0

T
/ fyeimtar =
0

and therefore

or

iftk=n
else.

1o

) T
Z 2k / ej(kfn)wtdt
0

k=—o00 N ,
T if k=mn, 0 else
zn T

I :
Zn = —/ f(t)e Imtdt.
0

T

Theorem 1.7 (Fourier Series)

Let f € R — R be a T-periodic funcion and

1 [T ,
% = /0 f(t)e Ik«tdt

where w = 2 /T. Then it holds that

oo
§ Zke_]kwt

k=—o0

@) =

for all t where f(t) is continuous.
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1.4 Fourier Transform

The decomposition into a Fourier series is only defined for T-periodic functions
f(t). In order to analyze also non-periodic functions in the frequency domain we
take the limit 7" — oco. A periodic function whose period duration is infinitely
long is actually a non-periodic function. This is the basic idea behind the
transition from Fourier series to Fourier transform.

Definition 1.8 (Fourier Transform)
The function

Fw) = /jo f(t)e 9“dt

is called Fourier transform of f(t). Inversely

f@)y = % 700 F(w)e“dw

is called inverse Fourier transform of F(w).

The most important properties of the Fourier transform are summarized in the
appendix.

Analogy between Fourier Series and Fourier Transform.

o In the Fourier Series of a T-periodic function f(¢) the Fourier coefficient
2k tells us the amplitude and phase of the k-th harmonic in the frequency
decomposition of f(t).

e The right hand side of the inverse Fourier transform can be interpreted
as a sum (integral) of oscillations e/ over all frequencies w € R. Each
oscillation is weighted by factor

1

—F(w)dw.

2w
Corresponding to the Fourier coefficent zj, this factor tells us the am-
plitude and phase of the oscillation with frequency w in the frequency
decomposition of f(t). As dw is “infintely small”, each single oscillation
has only infinitesimal amplitude provided that F'(w) is finite.

A measure for the energy of a signal f(¢) in some frequency range [Wmin, Wmax|
can be obtained by

1 [oma
L / |F(w) d,
27 /.,

min

see Parseval’s Theorem 1.34 in Section 1.4.6.
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1.4.1 Example

Let T'> 0 and

1 if-T<t<T
f) = {0 else

be a rectangular pulse. The Fourier Transform F'(w) of f(t) is

Flw) = /_OO f(t)e 3“tat

= / e Ivtat
-7

= b [e_th]TT ifw+#0

_ _jiw(efij _ ej“’T)
_ ’i(eij _ e—ij)
Jw

1 A
= —2jim(e/¥7) as z — zZ = 2jim(z)
w

2
= Zsin(wT
- sin(wT)

sin(wT)
= 2T
wT'

= 2Tsi(wT)

where the si-function is defined as

: sin()fp if 2 # 0
si(z) _{ 1/ ifcciO.

For w = 0 we obtain

Flw) = / T fdat = 9T = oTsi(wT).
Hence
Fw) = 2Tsi(wT) forallweR.
ft) F(w)
A A
1 2T
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1.4.2 Properties of the Fourier Transform

The computation of a Fourier transform can be tedious because it involves the
solution of an improper integral. In many cases this can be avoided by exploiting
properties of the Fourier transform. With the help of these correspondences we
can reduce a given function to “similar” functions whose Fourier transform has
already been derived.

Theorem 1.9 (Fourier Transform is Linear)
Let

and a € C be a constant. Then

(f+9)(t) o—e (F+G)(w)
(@f)t) o—e (aF)(w).

Proof. All we have to do is use the linearity of the integral to obtain linearity
of the Fourier transform.

(f+9)(t) o—e / T+ o) (et

= [ GO+ mea

— 00

= /jo (f(t)e*j“”5 + g(t)eij“’t)dt

— /:Xj f(t)e*jwtdt_i_/:x} g(t)e*jwtdt
= F(w)+Gw)
= (F+G)(w)

(af)(t) o—e /Oo (af)(t)e 7 dt

— 00

= /OO af(t)e I“tdt

— a/oo f(t)e I@tat
aF(w)

= (aF)(w).O
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Theorem 1.10
Let

Then

dr
= — — == dt = —d
T , 7 , T
we obtain
oo .
f—t) o—e [ f(—t)eitat

= [ smeran
= /00 f(T)e_j(_w)TdT
= F(-w). O
Theorem 1.11
Let
f(t) o—e F(w)
Then

Proof.
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In the special case when f is real and f(¢) = f(t) we obtain

F(-w) = F(w).

Theorem 1.12

e Let f € R — R be a real valued function. Then
F(-w) = F(w).

o If f € R — R is an even function then F(w) is real.

o If f € R — R is an odd function then F(w) is purely imaginary.

Proof.
e Let f € R — R. Then

ewtdt

[

- / Ye=Ttdt
.7
/

F(—w)

ft)eiwtdt as f(t) is real

Je—iwtdt

e Let f € R — R be even, i.e.

f(=t) = f@)
From Theorem 1.10 it follows that
F(-w) = F(w)

and as f(t) is real we obtain
Flw) = F(w).

Hence F(w) is real.
e Let f € R — R be odd, i.e.

f(=t) = —f(@).
From Theorem 1.10 and linearity it follows that
F(-w) = —-F(w)

and as f(t) is real we obtain
Flw) = —-F(w).

Hence F(w) is purely imaginary. OJ
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Theorem 1.13 (Time Shift)

flt—1) o—e F(w)e*t

Proof. With subtitution 7 = ¢t — £ und dr = dt we obtain
ft—1) o—e / f(t —t)e It
,Oos | A
= / f(r)e= @+ gr
— 00
= / f(r)e «me It dr

= e*j‘“f/ f(T)e*j‘”dT

= e MFPW). O

Theorem 1.14 (Frequency Shift)

f(t)ed*t o—e F(w—&)

Proof.
F(1)e® o—e / F(t)eiot =it gy

= /Oo f(t)efj(wfw)tdt
= Flw-0).0

Theorem 1.15 (Modulation Theorem)

(Flw—®)+ F(w+w))

N =

f(t) cos(wt) o—we

Proof. With

cos@r) = 5 (4 eI
sin(Gt) = %(ejm_e,m)
we obtain
f(t)cos(@t) = %(f(t>em T F(p)eiet)
FOsin(@n) = 5 (O = e
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Using linearity and Theorem 1.14 we obtain

F(t) cos(@t) o—e %(F(w _ o)+ Flw+ o)
F(t)sin(ot) o—e 2ij(F(w _ &)~ Fw+)).0

Theorem 1.16 (Time Scaling)

flat) o—e %F(g» a#0

Proof. We apply substitution

dr dr
T = at, — =a, dt = —.
dt a

e If a > 0 we obtain

f(at) o—e / f(at)e 7« at
_ —jwr/al
[m f(r)e adT
_ l/m F(r)e-i@lom gy
a — 00
1 w
= (%)
1 w
- —F(Y).
|al (a)
e If a < 0 we obtain
f(at) o—e / flat)e “tdt
oo ' 1
= 7‘7“)7-/&7
/Oo f(re adT
= _l/oo f(T)e_j(“/“)TdT
a.J
1 w
= —r(3)

1
= HF (ﬂ) as a is negative. [J
a a

Theorem 1.17 (Derivative in Time Domain)

flt) o—e jwF(w)




1 FOUNDATIONS

21

Proof. According to Definition 1.8

0 = 2 [ Feeetd.

2 J_

Derivative on both sides with respect to ¢ and using its linearity gives

r = jt(;ﬂ / h ij(w)ej‘“tdw>

1 [ d,
— o (L Jwt
o F(w) o (e’") dw
-1 h JwF(w)e?tdw
27 J_ oo '

The right hand side is the inverse Fourier transform of
JwF(w).
Hence

Ft) o—e jwFw).O

Theorem 1.18 (Derivative in Frequency Domain)

—jtft) o—e F(w)

Proof. Starting with the Definition of the Fourier Transform

Fw) = /_OC f(t)e 3“tdt

we derive both sides with respect to w and obtain

d e -
F' = — t)e 7@t
@ = ([ swea)
= t)— (e~ 7")dt
| e
= / —jtf(t)e It dt.
On the right hand side we find the Fourier transform of

—jtf(t)
and hence we have

—jtf(t) o—e F'(w).O
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Theorem 1.19 (Convolution

(f*xg

in Time Domain)

)(t) o—e  F(w)G(w)

Proof.
(fxg)(t) =

/ : £t = 7)g(r)dr

/, : ( / Z ft - ﬂg(v)dT) it gy
/:_oo / O:_OO f(t —7)g(r)e “ drdt
/ iooo /:OOO J(t —7)g(r)e ™ dtdr
[ o [ se-nesaar

Fourier transform of f(t—7)

/ T @

=—00

F@) [ gmetrar

=—00

F(w)G(w).

From line 3 to 4 we interchanged the order of the integrals using linearity.
This is admissible as long as both integrals exist (Fubini’s Theorem). From
line 5 to 6 we used the time shift Theorem 1.13:

fit—7) o—e F(w)e™ 7.0

There exists also a correspondence for convoltion in frequency doman, which we
will derive in Section 1.4.5 as an example of the duality principle of the Fourier

transform.

1.4.3 Fourier Transform of

Standard Functions

Theorem 1.20 (Dirac Pulse)
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Proof. From the Sifting Theorem it follows that

5(t) o—e /_OO S(t)e=T=tdt

= /OO 5(t)eldt

— 00

= 10

Theorem 1.21 (Constant Function)

1 o—e 27i(w)

Proof.
1 > ,
2né(w) e—o — / 278 (w)e?“ dw
21 J_ o
= / S(w)el?tdw
iy
= / §(w)eldw
= 1.0
The sign-function is defined as follows:
—1 fallst<0
sign(t) = 0 fallst=0
1 fallst>0

Theorem 1.22 (Sign Function)

. 2/jw  ifw#0
sign(t) o—e { 0 ifw=0

Proof. It holds that

sign’(t) = 246(t).

Fourier transform on both sides using derivative in time doman (Theorem

1.17) gives

JjwSign(w) = 2

where Sign(w) be the Fourier transform of sign(¢). Hence

Sign(w) = j% for w # 0.
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Now about the special case w = 0, the so called DC component of sign(¢).
From

sign(t) +sign(—t) = 0
it follows that
Sign(w) + Sign(—w) = 0.
In the special case w = 0 we have
Sign(0) + Sign(0) = 0
and therefore Sign(0) = 0. O

Theorem 1.23 (Step Function)

Vi ifw#0

oft) o—e ”5(“)+{ 0 ifw=0

Proof. First we express the step function with the sign-function.!

1 1
o(t) = 3 + isign(t).
Actually this is not correct for ¢ = 0, because ¢(0) = 1 and not /2 by
definition. However, From the previous theorem and 1 o—e 27d(w) it
follows that
Vi ifw#0
ot) o= ”‘5(”)+{ 0 ifw=00

Now that we know the Fourier transform of the step function, we can derive a
correspondence for integration in the time doman.

Theorem 1.24 (Integration in Time Doman)

/;f(T)dT oo F(w)<ms(w)+{ V5o Hw#0 )

Proof. With the Convolution Theorem 1.19 we obtain

/_ fydr = (fro)®)

o—e r)(m+{ 5 R0T0 o)

1 Actually this is not correct for t = 0, because 0(0) = 1 and not 1/2 by definition. However,
as the Fourier transform of a function remains the same if we modify an isolated function value,
we can ignore this.
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1.4.4 Fourier Transform of Periodic Functions

Theorem 1.25 (Complex Oscillation)

9 o—e 2m(w — D)

Proof. According to Theorem 1.21 it holds that
1 o—e 27i(w)

We shift in the frequency domain by @, which leads according to Theorem
1.14 to factor e/“? in time domain and obtain

et o—e 21d(w— ). O

Now it is easy to derive Fourier transforms of the sin- and cos-function.

Theorem 1.26 (Fourier Transform of Sine and Cosine)

cos(wt) o—e m(d(w—@)+d(w+ b))
sin(@wt) o—e —jm(d(w—Q) —d(w+ D))

Proof.
1 . .
cos(wt) = 3 (7 + eI
o—e % 2md(w — @) + 27 (w + ©))
= 7(0(w—0)+(w+a))
1, .. I
sin(wt) = %5 (e]”t — eﬂm)

1
2j
= —jr(d(w— &) — d(w+)). O

2md(w — @) — 27 (w + @))

If f(t) is a periodic function, we can decompose it into a Fourier series, see
Chapter 1.3. The Fourier transform of a Fourier series is easy because thanks to
linearity we merely have to apply the Fourier transform to the summands, which
are simple complex oscillations. This way we can compute a Fourier transform
of virtually any periodic function.
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Theorem 1.27 (Fourier Transform of Fourier Series)
Let f(t) be a periodic function with fundamental frequency & and Fourier
series

f®) = Z 2pelFOL,
k=—oc0
Then

f(t) o—e 2r Z 20 (w — k)

k=—o0

Proof.

0o )
ft) = / Z Zped PPt It gt

P k=—00

o 00
E 2k / e]kwte—Jwtdt
—o0

k=—oc0

Fourier transform of e?F?*
oo

Z 21270 (w — kW)

k=—o00

= 27 Z 2p0(w — k). O

k=—o0

The Fourier transform of a periodic function is a pulse train. The pulses are
equally spaced by @ on the frequency axis. The k-th pulse has intensity 27 times
Fourier coefficient z;. This result confirms that every oscillation component in a
periodic function has a frequency which is an integer multiple of the fundamental
frequency.

2Tz _9 2T 2o

2mz3

N N ) A
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1.4.5 Duality Principle

It is a purely notational convention to use variable name ¢ in time domain and w
in frequency domain. While this is useful in many situations, it can also mislead
us to believe that certain properties are only true if the variables are interpreted
as time or frequency. Therefore let us use a neutral variable name x instead of
t or w. We obtain

fla) o—e [ fwea

f(x) e—o %/_Dof(u)ej”“du.
| —
F(—z)
If
f(x) o—e F(x)
then
fz) s—o o _F(-a)

or in one line
1
S F(=r) o—e [(x) o—e F(z).
s

The Fourier transform and the inverse Fourier transform are identical up to a
constant factor 27 and a reflection. This is the reason why every property of
the Fourier transform holds with minor modifications also for its inverse and is
called duality principle.

If we define F~ () = F(—x) we can drop the function variable 2 and obtain
1

—F" o—e [ o—e F.
2T
Actually this is the correct notation because Fourier transform is an operator

of functions f or F and not function values f(z) or F(x).

Now we may reintroduce function variables ¢ and w to make clear whether we
mean time or frequency.

Theorem 1.28 (Duality Principle)
If

then

fw) s—o S F(-1).

Note that in the second formula we used lower case [ in frequency domain
and upper case F' in time domain, which is against convention.
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Example 1.29 It holds that

et o—e 276(w —3)
-

f(® F(w)
and inversely
e e—o §(—t—3) = §(t+3)
f(w) LF(-t)

While this was already known, we can use the Duality Principle to derive new
interesting Fourier transforms.

Example 1.30 According to Theorem 1.22 it holds that

2jw  fw#0

sign(t) o { 0 ifw=0

Using duality we obtain

—1/j7rt if ¢ # 0

sign(w) oo { 0 ift=0

or

e ift#0 .
{ 0 ift—0 o—e —jmsign(w).

Example 1.31 According to Theorem 1.23 it holds that?
Viw ifw#0
oft) o—e MWH{ 0 ifw=0
Using duality we obtain
1 —Lo2rjt  ift#0
o) 2&0+{ 0 ift=0

or

d(t)—s—{j/gt iiig o—e 20(w).

Going back to
1

—F*o—ofo—oF
2

we see that applying Fourier transform twice means factor 27 and reflection:
2

1
—F~ o—e F.
21

2 According to footnote on page 24 we mean the modified step function, whose value is

1/2 at zero. However, changing a function at an isolated point has no effect on its Fourier
transform.
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Actually we can build a sequence of Fourier transforms of functions. Let
fi o—e fiy fori=1,2,3,....
Then
fir1 = 2mf_ .
The Convolution Theorem says
fixgi o—* fit1gi41.

Duality says

1
: ;i &—0O0 —(Tf; i -
fi* gi 27T(fz+lgz+1)
1 .
= %fi+19i+1
1
= f27‘(‘fi_12ﬂ'gi_1
2
= 27 fi—19i—1-

This gives us

1
fi—1gi—1 o—e gfi * G-

Thus we used duality to derive the Convolution Theorem in frequency domain
from the Convolution Theorem in time domain.

Theorem 1.32 (Convolution in Frequency Domain)

(fo)t) o o (F+G)w)
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1.4.6 Autocorrelation and Parseval’s Theorem

Definition 1.33 (Autocorrelation Function)
Let f € R — R. The autocorrelation function f4 € R — R of f is
defined as

falt) = /jo () f(r — t)dr.

The autocorrelation function is used to detect periodic behaviour in a noisy
signal. f4(t) is the correlation of signal f(7) with its time delayed copy f(7—t).
A high value of fa(t) is therefore an indication that f(7) and f(r —t) are
“similar” and there is some periodicity with duration ¢ in f.

The autocorrelation function has a maximum at ¢ = 0, which is the signal energy
of f:

fa(0) = /:’O f(r)2dr.

Autocorrelation can be expressed with convolution. Let
) = =)
then
fat) = (F+f7)@).

This can be seen as follows:

(F*f) = /fo F() (= 7)dr
_ /_°° FEVF(—(t - 7))dr
_ /_m F() e — t)dr
= fa(t)

The Fourier transform of f4 is easily obtained with the Convolution Theorem.

fa(t) o—e F(w)F(w)
= [Fwf,

which is sometimes called power spectrum of f.

autocorrelation
f(t) fa(t) Time Domain

o—e o—e

magnitude square
F(w) |F(w)]? Frequency Domain
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Inverse Fourier transform of |F(w)|? according to Definition 1.8 gives

1 [ 4
e ™
In the special case ¢ = 0 we obtain
1 [ 9
O I
71— — 00

Now if we recall that f4(0) is the signal energy of f, we have Parseval’s Theorem.

Theorem 1.34 (Parseval’s Theorem)
Let f € R — R. Then

/jo o = = [ () Pdw.

2 J_ o

Signal energy in time and frequency domain are equal up to a constant factor
2.
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2 Sampling and Aliasing

2.1 Fourier Series of the Pulse Train

Let

pt) = Y 6(t—nl).

n=—oo

p(t)

I I I I I I L
37 —2T T T 2T 3T

p(t) is an infinte sequence of Dirac pulses with distance T" and is therefore called
pulse train or Dirac comb.

As the pulse train is T-periodic, we can decompose it into a Fourier series

oo
t) = zpedket =,
p( ) k:z—:oo * T
In order to avoid that during the computation of Fourier coefficient z; pulses
appear at the integration limits we do not integrate from 0 to T" but rather
from —T/2 to T/2. If a periodic function is integrated over an entire period it is
irrelevant where to start.

1 (7 ,
2 = T/ p(t)e_]k“’tdt
T/2
= —/ t)e IRty
T/2
T/2
— l —jkwtdt
T T/2
= = )eldt
T T/2
1 T/2
T T/2
_ 1
= =

The Fourier coefficients zj of the pulse train are all equal 1/7. Therefore the
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Fourier series of the pulse train is

p(t) =

% i ejkwt'

k=—o0
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2.2 Sampling

Time continuous signals f(¢) can be processed by a digital computer only after
sampling. This means that we consider only function values of f(t) at discrete
points in time nTs where T is the sampling interval. The sampled values are

fn = [f(nTs), n € Z.
Sampling is often carried out by multiplication with a pulse train

p(t) = Z 0(t — nTs).

n=-—oo

The result is

fo) = f(®)p(t)

- J0 3 d-at)
= Y Wit -
_ i FnT)6(t )
= Y -

The sampled signal f,(t) consits of a sequence of pulses with distance Ty where
the pulse at time nTy is multiplied by sample f,,.

fp(t)
f2

37, —2T, -Ts T, 2T, 3T,

Probably you wonder why sampling is done in such a complicated way: The
sampled signal f,(t) is an intermediate step between analogue and discrete. On
the one hand side f,(¢) is still a time continuous function of ¢, on the other side
fp(t) depends only on the samples f,. This way we can apply all theory from
analog functions and especially Fourier Transform to f,(¢) and thereby transfer
it to discrete signals. Further, f(t) and f,(t) are actually not as different as it
seems at a first glance. For small Ty the area under f(t) and f,(¢) is almost the
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saime:

/O:o frt)dt = /O; i Fad(t —nTy)

n—=—oo

3 fn/_oo 5(t — nT})
= >/

= Ti i JnTs

S
n=—oo

=L o

This does not only hold for the entire area from —oo to oo but also for the area
over finite intervals.

Q
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2.3 Aliasing

What is the effect of sampling f(¢) in the frequency domain? If we use the
Fourier series of the pulse train as derived in Section 2.1, we obtain

fr@) = f(t)p(t)

I
=
~
—~
~
N
)
<
x
IS
«
~

The Fourier Transform Fj,(w) of fy(t) is obtained from the Fourier Transform
F(w) of f(t) and the correspondence

ft)e’t o—e F(w— ).
With @ = kw, we have
ft)errst o—e  F(w — kws).

From linearity of Fourier Transform it follows that

1 & . I
= fyertt o—e  — Flw— kws) .
TS k:z—:oo TS k:z—:oo

fo(t) Fp(w)

This result can be interpreted as follows: F'(w — kws) is the Fourier Transform
F(w) of the original function f(¢) shifted by kws. The sum

oo

Z F(w — kws)

k=—o0

consists of infinitely many copies of F'(w) shifted by ws on the frequency axis.
Hence
1 oo
Fy(w) = T Z F(w — kws)

S k=—o0
consists of infinitely many copies of F'(w) shifted by ws and scaled by /..

If the copies overlap, the overlapping parts are summed up. In that case F(w)
can no longer be obtained from F,(w) by cutting out one copy and scale it with
Ts. This phenomenon is called Aliasing. The higher the sampling frequency w,
is, i.e. the more samples per second we take, the farther lie the copies of F(w)
apart and the less likely overlapping occurs.

Let’s keep in mind:

Sampling with Ts o—e Periodic extension with wy

and scaling with 1/7..
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S

t _\A w

fo(t) Fy(w)
’WH{HMt ; | | ; w
’ { T —Ws Ws Wg Wy

2 2

S0 Fy ()

‘ W | ’ P SR LK "
Ts —Wg Ws Ws Wy

’ T2 2

Figure 2.1: Top: Band limited signal f(t) with cutoff frequency & and Fourier
Transform F(w). Middle: Sampled signal f,(t) = f(¢)p(t). The sampling rate
ws = 27/Ts ist larger than 2%, therefore no aliasing. The copies of F(w) do
not overlap. Bottom: Sampling rate w, ist smaller than 2@, therefore aliasing
occurs. The copies of F(w) overlap.
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2.4 Band-Limited Signals

Definition 2.1 (Band-Limited Signal)
A function f € R — R is called band-limited with cutoff frequency & if

F(w) = 0 forallw with |w| > &.

Informally this means that f(¢) has no oscillation components with frequency
above or equal @.

Aliasing, i.e. an overlap in the frequency domain after sampling is avoided if
the copies of F'(w) have distance more than 2& on the frequency axis. The
conditions to avoid aliasing are therefore:

o The signal f(t) has to be band-limited with cutoff frequency &.

e The sampling rate ws has to be sufficiently high, i.e.

ws > 2.
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3 Signal Reconstruction with Low Pass Filter-
ing

After the samples of a signal have been processed in a digital computer an analog
signal has to be reconstructed from the resulting, discrete samples. This step is
called digital-analog conversion.

With a small modification of the theory presented in this chapter we can also
build frequency selective digital filters. Filtering is done in a digital computer
by discrete convolution.

3.1 Signal Reconstruction

As shown above, the Fourier Transform of f,(¢) consists of infinitely many copies
of F(w) shifted by ws. We assume in the following that the signal f(¢) was band-
limited with cutoff frequency & and the sampling frequency ws was high enough,
i.e.

ws > 20.

This means that the assumptions of the sampling theorem are satisfied and the
copies of F'(w) in Fp,(w) do not overlap.

For signal reconstruction we merely have to cut out one of these copies, scale
it with T, and transform it with the inverse Fourier Transform back into time
domain.

Cutting out a copy in the frequency range

Ws Ws
—— <<w< —
2 2
and scaling with T is accomplished by multiplication with a rectangular func-
tion G(w) in the frequency domain

B T, if lw] < ws/2
Glw) = { 0 else.

Multiplying F,(w) and G(w) in the frequency domain gives the Fourier Trans-
form F(w) of the original time signal f(¢):

Flw) = Fw)Gw)
- Ti 3 Flw— kw) Gw).

S k=—o0

Fp(w)

The signal f(¢) usually comes from a sensor and is not given by a closed math-
ematical term. Therefore F(w) cannot be computed analytically and the multi-
plication with G(w) has to be done by convolution in time domain. According
to the convolution theorem we have

(fpxg)(t) o—e F(w)G(w).
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The inverse Fourier Transform g(t) of G(w) is obtained as follows:

ws/2
s .
= — 7t dw
2m —ws/2

Ts ws/2

- th [ejwt] —ws/2

T, 1 , )
— 28 = (pdwst/2 —stt/2>
wt 23 (e te

1 o0 i
= — Jwt
g(t) 5 /_OO G(w)e’“ dw
T.

where

sin(z)/xz falls z #0
1 falls z =0

si(mx).

si(x)

sinc(x)
From the samples
fo = f(KT)

we can reconstruct now the continuous signal f(t) for every ¢ € R as follows by
convolution in time domain.

@) = (fox9)®)

( > fub(t - kTs)) *g(1t)

k=—o0

I(t)

Z T (g(t) x6(t — kTy)) (Linearity of convolution)

k=—o00

= Z frg(t — kTs) (Convolution with shifted impulse)

k=—oc0
> . t— kTe
- k;w fx sinc ( 7ol >

= Z fr sinc (¢/Ts — k).

k=—o0
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Theorem 3.1 (Sampling Theorem)
Let f(t) be band-limited with cutoff frequency & and

2
fk:f(kTs)a k:—OO,...,OO, Tszl

Ws
Let the sampling rate ws; be big enough, i.e.
ws > 20.
Then f(t) can be reconstructed exactly from the samples fi by

fy = > fesine(t/T, — k).

k=—o0
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f(t) F(w)
N 1
t 1 \ w
- w
fp(t) Fy(w)
1 T | ’ t | | | | w
\L Ts —Ws _& Ws Ws
2 2
G(w)
T,
=W
Ws Wy
2 2

Figure 3.1: Top: Band-limited signal f(t) with cutoff frequency & and Fourier
Transform F(w). Middle: Sampled signal f,(t) = f(¢)p(t). The sampling rate
ws = 27 /T is higher than 2@, hence the copies of F(w) do not overlap. Bottom:
Rectangular function G(w), which is multiplied with F,(w) to obtain F(w) in

frequency domain.
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3.2 Low Pass Filter

With the results of the previous section we will show now how to do realize a low
pass filter with a given cutoff frequency w,. Filtering f(¢) means that its Fourier
Transform F(w) has to be set to zero for all w with |w| > w.. As according to
the Sampling Theorem f(t) is already band-limited with cutoff frequency ws/2,
low pass filtering makes only sense for

wc<?.

In order to implement this operation in time domain on samples we merely have
to adapt the rectangular function G(w), which was used in the previous section
for signal reconstruction by replacing the cut out range

55
272
with
[—We, we] -

We obtain a new rectangular function for low pass filtering

B T, if jw]| < we
Glw) = { 0 else.
The product
Hw) = F(w)G(w)

is now the Fourier Transform of the low pass filtered signal h(t).

As in the previous section multiplication in frequency domain has to be done
with convolution in time domain. As before we obtain g(t) with inverse Fourier
Transform:

1 oC .
_ Jwt
g(t) = Py /_ G(w)e’" dw

T, et
= R wd
21 /wce .

. & Jwelt _ —jwet
omjt (e e )

Ts .
= e Ct
— sin(w.t)

2
= si t
e in(wet)
2 1
= sin(wct)
ws wet
2w,
= 31 t
o si(wet)

The low pass filtered signal h(¢) is obtained by convolution
ht) = (fox9)®)
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—We We

Figure 3.2: From top to bottom: Band limited signal f(¢) and F(w). Sampled
signal fp(t) and F,(w). Transfer function G(w) of the low pass filter with cutoff
frequency w.. Low pass filtered signal H(w).
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A low pass filter is a linear time invariant system with impulse response g(t).
For the practical computation there are two problems:

e The impulse response has infinite length which makes a practical compu-
tation impossible.

e The system is non-causal, i.e. g(t) # 0 for ¢ < 0. Low pass filtering can
therefore not be done in real time without delays.

Both problems are solved as follows:

o As g(t) is a si-function, its function values are small for absolutely large ¢
and can be set to zero for ¢t > ¢ for some suitable £. This is done in time
domain by multiplication with a rectangular function r(t) where

B 0 if|t|>1
rt) = {1 else.

By replacing the impulse response g(t) with g(¢)r(t) we have a system
with finite length impulse resonse.
Instead of cutting the impulse response “hard” at +f with a rectangular

function r(¢) we can also use a soft window function. A common choice is
the Hamming Window:

) = 0 if |t| > 1
B 0.54 + 0.46 cos(mt/t)  else.
7(t)
1
t
i t

« The impulse response g(t)r(t) is now limited to the range [—£,#] but still
not causal. This can be rectified if we shift it by . As shifting one factor
in a convolution has the effect that the result of the convolution is shifted
by the same amount we get merely a shift in the low pass filtered signal
h(t) by . A short time delay is often acceptable in signal processing
applications.

Summarizing, instead of the original impulse response g(t) we work with the
modified causal and finite length impulse response

x(t) = gt —1t)rt—1) with z(t) = 0 for t & [0,2¢].
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The choice of £ requires a compromise: A big value of ¢ causes small errors as
only small function values of g(t) are set to zero. On the other hand a big value
of t causes large delays and high computation costs as shown below.

The (approximately) low pass filtered and by £ delayed signal h(t) is obtained
in the same way as for signal reconstruction in the previous section.

ht) = (fp*x)(t)

( > fd(t— kn)) * ()

k=—0o0

> fe (0t — KTL) = (1))

k=—o0
= Y frx(t—kTY).
k=—o0

From this continuous signal h(t) we now take samples hy.
he = h(lTy)

i ka(€T5 — kTS)

k=—o0

= Y fal(t- BT

k=—o0

= D frwes

k=—o00

= (f*x).

The convolution in the last line is called discrete convolution of the samples fi
and zj, of the signals f(t) and the impulse response x(t).

Definition 3.2 (Discrete Convolution)
The discrete convolution of two sequences f; and gy is defined as

(fx9)e = > feges-

k=—oc0

In order to obtain a simple representation of the filter coefficients xy, let

N n
t = §Ts
for some integer n. From

() = glt—Dr(t—0)

2 )
- si(wet — 1) r(t — 1)
w

S
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we obtain
2w,
= si(we(kTs — ) r(kTs — 1)
2we
= si(we(k — n/2)Ts) r((k —n/2)Ts)
Ws
2w, 2Twe
i (2 0/2)) e
2w, 2w,
= i k—n/2 _
o sinc ( o ( n/ )) Then/2
= Wesinc(We(k —n/2)) ri_n/2
where
. 2w,
W, =
ws

is the normalized cutoff frequency with —1 < &, < 1.

As the impulse response z(t) has finite length due to windowing, only finitely
many filter coefficients ) are non-zero. Which ones is determined as follows:

For the window function it holds that
r(t)=0 for [t| >t .

Replacing t by (k —n/2)Ts on both sides we obtain

r((k—n/2)T,) =0  for (k: - g) T,| > gTS
and hence
Thny2 =0 for k—g‘>g
or
Th—ns2 =0 for k >nor k <0.
Therefore only filter coefficients xj, are non-zero for £ =0,...,n.

For the rectangular window we have

Tk—n/2 = 1, k’:O,...,n

and the multiplication with 1 can be ignored during the computation of the
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filter coefficients. For the Hamming Window we have
Fr—nse = r((k—n/2)T;)

0.54 + 0.46 cos

= 0.54 4 0.46 cos

= 0.54 4 0.46 cos

n
P
= 0.54 4+ 0.46 cos 7T—7T>
n
P
- 0.54—0.46cos<”k), k=0,....n.
n

Summary. The filter coefficients of the low pass filter with cutoff frequency
w, of length n are given by

xp = Wsine(@.(k —n/2)), k=0,....n
where @, is the normalized cutoff frequency

2w,

W = .
Ws

The low pass filter causes an additional delay of the signal by

i = "
2
or n/2 cycles.

As the impulse response was cut out to obtain finite length we merely obtain
an approximation which is more accurate the more coeflicients n the filter uses.

In addition we can improve the result by using a Hamming Window. Doing so
we have to multiply x; with

27k
w = 0.5’)4:—0.4:6cos(7r>7 k=0,...,n.
n

The samples h; of the low pass filtered signal are computed by discrete convo-
lution

he = Y fewes

k=—oc0

= Z fé—kmk

k=—o0

n
= > ferak
k=0
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i N TTQ T l T leT SR
s

n—1

MTTHHH 7‘1 Hmﬁru .

Figure 3.3: Coeflicients of the low pass filter xj of length n = 32 for ©. = 0.3
(top) und &, = 0.8 (middle). The lower figure shows the weights wy of the
Hamming window.
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3.3 Windowing*

Probably you wondered in the last section why Hamming Windowing should
be an improvement over a simple rectangular window and why of all things the
Hamming Window is chosen and not some other window function.

The purpose of windowing was to truncate the infinite impulse response g(t) to
a finite interval [—£,7]. This is accomplished by multiplication with a window
function r(¢). What is the effect if f(¢) is not convolved with the ideal, infinite
impulse response g(t) but with a truncated version g(t)r(t)?

Let us compare g(t) and g(t)r(¢) in the frequency domain. While G(w) is an
ideal rectangle and hence cuts out the desired frequency range precisely, we have
to compute the Fourier Transform of g(t)r(t) by convolution in the frequency
domain:

oot o—e (G #R)(w).

If R(w) = 27§(w) were an impulse, windowing with r(¢) would not cause any
distortion. However, in this case we would have r(t) = 1 and thus would not be
limited to [~#,f]. A “good” windowing function r(t) should therefore have the
property that its Fourier Transform R(w) is as close as possible to 2md(w).

For the rectangular window

B 0 if|t|>1
r(t) = { 1 else
the Fourier Transform is
R(w) = 2fsi(wf).

The constant factor 2f causes merely scaling. The shape of the curve is de-
termined by the factor si(wt), which does not look like an impulse. For large
values of wt the function value is very small. Hence, if ¢ is large, the magnitude
of R(w) is significant only near w = 0. Near w = 0 the value of R(w) is very
large due to the multiplication with 2¢. Thus for large ¢ it is in fact true that
R(w) converges to an impulse. This was expected as for a large window width
t only very small values of g(t) are truncated.

Let us consider now the Hamming Window

7';.’

) = 0 falls |t| > {
N a+ bcos(mt/t) else

with @ = 0.54 and b = 0.46. Its Fourier Transform is

R(w) = a2tsi(wt)+bt (si(wf — ) +si(wi +7)).

R(w)

We obtain a weighted sum of R(w) and two by % shifted si-functions. These
additional summands are chosen such that the disturbing side lobes in R(w)
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cancel out and a much smoother curve results, see picture 3.4. Hence the ideal
transfer function G(w) is much less distorted by a Hamming Window than it is
by a rectangular window.

The figure below shows a comparison between the rectangular window (solid
line) and the Hamming Window (dashed line). A signal is filtered with cutoff
frequency w. = 27w x 8kHz. The impulse response of the filter is truncated at
t = 0.2ms. Depicted is the audible frequency range up to 20kHz.
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r(t)

1 =t [ms]

" T
VIV 2

= f [KH
20

—-20

Figure 3.4: Top: Window functions r(¢) in time domain. Middle: Fourier
Transforms R(w) of the window functions. Bottom: The distorted transfer func-
tions by windowing, which would ideally be a rectangle. Rectangular window:
solid line, Hamming Window: dashed line.
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r(t)

1 =t [ms]
-1 —0.6 0.6 1
R(w)
+ e f [k
—20 20
~+ = [ [kHz]
—20 20

Figure 3.5: Same figure as above, except that the window width has been
increased from 0.2ms to 0.6ms. G(w) is now closer to an impulse and the
transfer function is much less distorted.
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3.4 Discrete Time Fourier Transform?*

There is a second way to compute the Fourier Transform F),(w) of f,(t).
Starting with

fot) = > fad(t—nTy)

n=-—oo
we obtain from the correspondence
5(t —nT,) o—e e Imwis
the Fourier Transform

fp(t) o—e Z fne*jans_

n—=—oo

Fp(w)

We can compute Fj,(w) either directly from the samples f,, or from F(w):

Z F(w — kwy)

Fpw) =
k=—o00
— i fne—janS

From both presentations we see immediately that F,(w) is periodic with period
wg, 1.€.

Fplw4ws) = Fp(w) for all w.

By rescaling the frequency axis we can normalize the sampling interval to 1.
For T, = 1 it holds that

Fplw) = Y fae ™.

n=—oo

This transformation of a sequence f, is called discrete time Fourier Transform
(DTFT). Hence F,(w) ist nothing but the z-Transform of f, for z = e’¥, i.c.
for z on the unit circle.

From F),(w) we obtain by inverse Fourier Transform the original pulse train
fp(t) and thus the samples f,,. However, there is also a direct way: First, we
multiply both sides with e/*

o0
Fp(w)ejkw _ Z fnefjnwejkw
n=—oo
and then integrate for w from 0 to 2m:
2m

27 o0
Fp(w)ejk“dw = / Z fne I edRw dy
0

n=—oo

00 27
— Z fn / ed(k—n)w g,
0

n—=—oo

0
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As

2 ej(k_n)de _ 277 lf k =N
0 0 else

it follows that

2m
/ Fy(w)e'™dw = 2rfy
0

or

1 2

fe = 2 ), Fy(w)ed™ dw.

The difference to the invese Fourier Transform of Fj,(w) which would have re-
sulted in the impulse train f,(¢) is, that we integrate only from 0 to 27 and not

from —oo bis oco.

Summarizing, the DTFT and its inverse are defined as follows. The corre-
spondence is also valid if the assumptions of the Sampling Theorem are violated.
We can obtain from F),(w) always the samples fj exactly but not f(¢) if the sam-

pling rate was too low.

Definition 3.3 (Discrete Time Fourier Transform)

The Discrete Time Fourier Transform (DTFEFT) of the sequence fy is

defined by

o]
Fpw) = Z fre k.
k=—oc0
Its inverse is
1 27

fv = o . Fp(w)ejkw°
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4 Discrete Fourier Transform

4.1 Band-limited Periodic Signals

Let f(t) be a Tp-periodic signal with Fourier series
fity = Z Zpel ket wo = 27/Ty.
k=—o

Further, assume f(t) is band-limited with cutoff frequency &. This means that
only finitely many Fourier Coefficients zj, are non-zero, which is shown as follows:
With the correspondence

eIt o —e 2w (w — kuwp)
we obtain the Fourier Transform F'(w) of f(t):

Flw) = 2« Z 210 (w — kwp).

k=—o0

As f(t) is band-limited, F(w) = 0 for w > & and hence

A

@
2z, =0 if kwo > ie. if k> —.
wo

The signal is sampled during one period at n equidistant places. The sampling
rate is therefore

ws = Nwo.

The conditions of the Sampling Theorem hold, i.e. we assume

ws > 20.
It follows that
n - w
2 wo
and therefore
. n
zL=0 if k> 5

In the Fourier series only finitely many summands remain and it holds that

n/2—1
ey = Y el
k=—n/2+1
n/2—1

— § Zkejkwst/n.

k=—n/24+1
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For the samples f, = f(¢Ts) we have

n/2—1

f€ — E ZkejklwsTs/n

k=—n/2+1
n/2—1

— E Zk€27rjk£/n.

k=—n/2+1

Cosmetics. For rewriting this formula in vector notation, the sum

n/2—1

f@ _ § ZkeZijl/n

k=—n/2+1

has to be transformed into a sum

For this puropse we define Fourier Coefficients z;, for k =n/2,... ,n — 1, which
do not appear in the original sum and which were zero so far as

ZTL/Q = 0
2k = Zk—m, k=m/24+1,...,n—1,

see figure 4.1. This way we can rewrite the summands with negative k.

-1 n—1
Z Zk627rjk€/n _ Z Zk_nGZﬂ'j(kfn)f/n
k=—n/2+1 k=n/2+1
n—1
_ Z ZkeZijZ/nef%rjnZ/n
k=n/2+1
n—1
_ Z Zke27rjk€/n e—27rj€
k=n/2+1 :/1_/
n—1

— E ZkeZﬂ'jk:Z/n.

k=n/2+1
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For the entire sum it holds that

n/2-1
f£ _ Z Zke27rjktl/n
k=—n/2+1
—1 n/2—1
= Z Zpe2mIk ™ 4 Z 22Tkl
k=—n/2+1 k=0
n—1 n/2—1
= Z Zpe2mIR ™ 4 Z 22Tkl
k=n/2+1 k=0
n—1
= sze%ﬂd/”.
k=0
Z3 z3
k) 22
z1 z1 ’
| T T | | i i i i k
-3 -2 -1 1 2 3
23 Z3
29 Z2
21 ’ zZ1
i i i T | | i | | T k
1 2 3 4 5 6 7

Figure 4.1: Example for n = 8. The coefficients z; with &k = —1,—-2, -3 are
shifted to k = 7,6, 5.
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4.2 Matrix Notation

In the previous section we derived a formula for the samples of a Ty-periodic
signal f(t). Under the assumption that the signal is band-limited and the con-
ditions of the Sampling Theorem are satisfied it holds that

n—1
ff _ 2 ZkeQﬂ'jk@/n.
k=0

We can interpret this sum as a product of a row- and a column vector:

20
f = (ezm‘oe/n 2milt/n e2ﬂ'j(n71)l/n> 1
Zp—1
With
b = eQﬂjké/n
we obtain
<0
<1
fo=1(boe bie ... bu_10)
Zn—1
If we write this formula for the n samples fy,..., fn,—1 of a period one below
the other we obtain a matrix by vector multiplication
fo boo bio ... bn-1p 20
f1 bo1 bir ... bp—1 z1
fn—l bo,n71 b1,n71 bnfl,nfl Zn—1
7 B 7
or simply
f = Bz
The matrix B is symmetric as
bre = eQﬂjkl/n — eQﬂjZk/n = by

Therefore we can interchange the indices of by, arbitrarily. In order to obtain
frequency components from samples we have to invert B, i.e.

7 = B7'f.

The computation of B~! is very simple because the column vectors of B are
pairwise orthogonal and have norm +/n:
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Theorem 4.1

Let
buO bv()
- bul - bvl
bu = 5 v —
bu,n—l bv,n—l

be the u-th and the v-th column of B. Then it holds that

guogv:{ 0 ifu#w

n else

Proof. Let I;u and 51, as in Theorem 4.1 and

!

o

S =

(=
S
= 0

S
|

abv k

(]

ot
= O

—27rjuk:/ne27rj'uk/n

(]

e

1T
= O

— eQﬂjk(vfu)/n.

k=0

o If w =wv then _
627r]k(v7u)/n _ 60 =1

and hence ) )
s = ZeQﬂjk(v—u)/n _ Zl - n.
k=0 k=0
e If u # v then
n—1
s = ZeQij(v—u)/n
k=0

n—1

= 3 (et ;

k=0 N—————
a
n—1
- S
k=0
Multiplication with a gives

n—1 n
as = a E ak = E ak
k=0 k=1
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and therefore

n n—1
as—s = Zak—Zak:a"—l
k=1 k=0
s(a—1) = a" -1
s = (a"=1)/(a—1)
However, as
a® = e2ﬂ'j(v—u) 1
it follows that
s=0.
We conclude from this that
n 0 ... 0
0 n ... 0
B*B = L . = nkE
0 0 ... n

where E is the n x n unit matrix and B* the adjoint matrix of B, i.e. the
matrix which is obtained by transposition of B and the complex conjugate of
all components. Multiplication with B~! from the right and division by n gives

1
-B* = B.
n
The inverse of B is obtained easily with this formula and we obtain
f = Bz7
1 -
7 = —B*f.
n

From the samples f; we obtain by a simple matrix-vector multiplication the
amplitudes and phases zj of the oscillations in f(¢). This operation is called
Discrete Fourier Transform (DFT). The inverse operatione, i.e. the computation
of the samples f, from the complex Fourier Coefficients zj is called Inverse
Discrete Fourier Transform (IDFT).

Definition 4.2 (Discrete Fourier Transform)
The Discrete Fourier Transform DFT € C™ — C” is defined by

S 1 . -
DFT(f) = -=B*f.
n
The Inverse Discrete Fourier Transform® IDFT € C* — C™ ist defined
by
IDFT(Z) = BZ

The matrix B € C"*" is given by

be = 627rjk£/n7 k,{=0,...,n—1.

%In some implementations the factor 1/n appears in the IDFT instead of the DFT. As
this is only a scaling factor, it has no influence on the essential properties of the DFT.
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The formulas can be written component wise as

n—1
fl _ sze%rjkl/n (=0
k=0

n—1
1 —2njke/
= 7r n k - O, ...
Zk " ZE - fze

PR
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4.3 Examples

Example 4.3 Figure 4.2 shows one period of the Ty-periodic function
f(t) = cos(2wot + ) + 0.2 cos(3wot) + 0.4 cos(6wot)

with wg = 27/Ty . We have a superposition of second, third and sixth
harmonic. Ths signal is sampled during one period at n = 16 equidistant
places. The sampling rate is therefore

ws = 16wg.

As the highes frequency in the signal is only 6wy and therefore smaller than
ws/2 = 8wy, the conditions of the Sampling Theorem are satisfied. From
the samples f;, £ = 0,...,15 the Fourier Coefficients z; are computed
with the DFT. From

zZo = AO
1 i
ZE = §Ak€J¢’“7 k:172,...77

the amplitudes and phases of the k-th harmonic are obtained by

AO = IZ()|
Ak = 2|Zk|7
see Figure 4.2 lower part.
fo cos(2wot + ) + 0.2 cos(3wot) + 0.4 cos(6wot)

e LTy

2 3 6 10 13 14

Figure 4.2: Discrete Fourier Transform for n = 16.
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Example 4.4 The same signal as in the example above is now sampled
at twice as many places, i.e. with sampling rate abgetastet, d.h. die
Abtastfrequenz ist nun

ws = 32wy,

see Figure 4.3 upper part. Discrete Fourier Transform gives basically the
sample values (Figure 4.3 lower part). Obviously there is more space for
higher harmonics as in the example above. In fact the conditions of the
Sampling Theorem would still be satisfied up to the 15-th harmonic while
the limit above was the 7-th harmonic.

fo cos(2wot + ) + 0.2 cos(3wot) + 0.4 cos(6wot)
1 i 1 b 7
8 16 24

~ AN
1 ’ o .
0.4 ,/’/L’// \\\\\
021 |1 K
23 6 26 29 30

Figure 4.3: Discrete Fourier Transform for n = 32.
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Example 4.5 A square wave contains oscillations of arbitrarily high fre-
quency. It is therefore definitely not band-limited. Nevertheless we sample
it and compute the DFT of the samples, see Figure 4.4. If one reconstructs
the analog signal from the Fourier Coefficients zj using the formulas

n/2—1
fity = Ao+ Z Ay, cos(kwt + ¢r,)
k=1
20 = AO
1 .
Zr = §Ak€j<‘0k, k=1,2,...,n/2—-1

only an approximation is obtained. The reason is the violation of the
Sampling Theorem. All frequencies above or equal half the sampling rate
lead to aliasing. However, the samples f, themselves can be reconstructed
exactly from the Fourier Coefficients by

—

f = Bz
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1 falls 0 <t < Tp/2

fe f(t):{ 1 falls Ty/2 < t < T
Ty
: -/
4 7 1f
Ap = 2|z T R
® ] ® T ® T ® T ® T ® ] . k

7
fit)y=Ao+ Z Ay cos(kwot + ¢r)
k=1

JUy-

Figure 4.4: Discrete Fourier Transform for n = 16.



5 FAST FOURIER TRANSFORM 67

5 Fast Fourier Transform

In Definition 4.2 the DFT of a signal vector f € R™ was defined as

1 -
7 = =B*"f.
n
From the Fourier Coefficients z; we can reconstruct the original samples fj by

—

i = Bz

This operation is called Inverse Discrete Fourier Transform (IDFT). The matrix
B has the entries

b = e¥RYM k0 =0,1,...,n—1.
As by = by, it holds that B is symmetric and we need not distinguish between
row and column index. For n =4 we have e.g.

1 1 1 1
_ g -t
B=1121 14
L =5 -1 3

If we look at the rows of B and think of each entry as a rotating phasor we
observe that

o the phasor in the first row does not rotate at all
o the phasor in the second row rotates with 90° steps
e the phasor in the third row rotates with 180° steps

e the phasor in the third row rotates with 270° steps

counter clock wise. In general the phasor in the k-th row rotates with 27k/n
radians per step in counter clock direction, see Figure 5.1 upper part. The
matrix B* is identical to B except that all entries are conjucate complex. (As
B is symmetric, transposition has no effect.) In Figure 5.1 lower part this is
reflected by the clock wise rotation of the phasors.

The computation of the DFT with matrix by vector multiplication costs n?
complex multiplications for the evaluation of B* f Using the regular structure
of B*, the multiplication can be done much more efficiently. This is particularly
the case if n is a power of two. The algorithm for doing this is called Fast
Fourier Transform (FFT).
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GICICICICICICIC
COOLOOLYO
COOLCOOW
RICIVI0IGIII01D
ClINCIIIECIIIECID
COOOVOOVLO
CLOOCLOO
COVWOOOOO

ClCICICICICICIC
COLVOOOOO
WOV
RGP0 GIOIY

CoOGCOCOCO
COVOOOOYW
OO
COOOOLLO

Figure 5.1: Matrix B and B* for n = 8.
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Simplification. In order to simplify representation we omit the cator 1/n tem-
porarily in the definition of the DFT. The modified DFT in this way of a vector
f € R™ is the vector Z € C™ where

or

2 = (Bf)r =Y fre M p=0,1,...,n— 1.

Computational Costs. The basic idea of the FFT is to split the computation
of a DFT of order n into two DFTs of order »/2. As the costs for matrix by
vector multiplication is quadratic, computing time is reduced:

e Costs for an n-DFT:

n?  multiplications.

o Costs for two 7/2-DFTs:

2 2
2(2) - multiplications.
2 2

However, as shown below, the decomposition causes overhead of 7/2 multiplica-
tions. Nevertheless total computing time is reduced, as

Tl2

f—l—ﬁ<n2
2 2 '

Obviously each of the two /2 DFTs can be divided up into two 7/4-DFTs and
so on. If n is a power of two this decomposition can be repeated 1d(n) times.
Finally one has DFTs of order 1 which do not involve any computation. Each
of the ld(n) causes overhead of /2 multiplicaionts, so that the total effort for
the FFT is

gld(n)
multiplications. For n = 1024 we obtain
n? ~ 106, gld(n) ~ 500,

i.e. FFT is faster than DFT by factor 200.
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Formulas. The sum for the computation of z; is decomposed into two sub
sums where the first sub sum comprises of the even samples of f and the second
of the odd ones.

n—1

2 = E f56727rjk2/n
=0
_ 2 f€672ﬂjk6/n + E f£6727r]kl/n'
£=0,2,4,... £=1,3,5,...

The summation index ¢ can iterate continuously from 0 to 7/2—1 if £ is replaced
by 2¢ in the first sum and by 2¢ + 1 in the second:

n/2—1 n/2—1
2 = Z fzee—Qﬂ'ijZ/n + Z f2£+1e—2‘n’jk(2€+1)/n
=0 £=0
n/2—1 n/2—1
— Z f;e—QTrj/ﬁl/n + Z f;e—Q‘n'jk(QZ-l-l)/n
£=0 £=0
where
fo fi
. P . I3
fe _ f4 c Rn/2, fo _ f5 c Rn/z'

Applying the laws of the exponential function and 2/n = 1/(7/2) we obtain

2 = /i:l f;e—QWjW/("/’L’) + /221 fé’e—Qﬂjké/(”ﬁ)e—Qﬂjk/n
=0 £=0
n/2—1 n/2—1
=Y fremzmn/ ) +< S g e—zwjke/w/z))e—%jk/n
=0 £=0
ag b,
= a+ bke_zﬂjk/n.

The factor e2™%/" could be factored out in the second sum because it is inde-
pendent of £.

The crucial point, which gives us a reduction in the number of multiplications
is that

ax = Apqnso and by = bpyn/s-

If one has to compute z; for a certain k and has therefore computed a, and
by one gets without additional effort zj ./, for free. This means that we get
two Fourier Coefficients for the prize of one. This can be seen for a; (and
analogously for by) as follows.
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nfa—1
A /Z foe—2mihn/2)e/ (/)
=0
n/2—1
=N fpen 2R/ 2/ 012
=0
n/a—1
_ Z fgz€72ﬂ'jk£/("/2) 6727rj€

N—_——
=0 =1

= ak
Therefore it holds that
Zhgne = Qinsy + bk+"/2ef27rj(k+n/2)/n

= ap+ bkef%rjk/nef%rj("/z)/n

—27jk/n e—ﬂ'j

N~
=1

—27jk/n

ay + bre

= ag — bke
Therefore we have to compute for k =0,...,7/2 — 1:

n/2—1

ap = Z feeef%'rjk:e/("/z)
£=0
n/2—1

by = Zf;e*%jk@/("ﬁ)
=0

2 = ag +bk€_27rjk/n

Ztnfz = Ak — bkeizﬂjk/n

Now we can assemble the a; and by, which we have to compute only for k =

0,...,7/2— 1 into vectors with n/2 components each:
i = Bl
b = B.,f°

These are the above mentioned two 7/2-DFTs, whose evaluation costs 7°/2 mul-
tiplications. In addition we need n/2 multiplications for the products

be2mikin, k=0,...,n/2—1.

The total effort is therefore

2
5 + multiplications.

|3



5 FAST FOURIER TRANSFORM

72

Jo
fo
Ja
Jo

(n/2)® Mult.

n/2-DFT |j‘>

f1
fs
5
fr

n/2-DFT |j\>

(n/2)® Mult.

2njk/n

ag T o k=0 + bre™

-7 —27jk/n

b == > Zhtn/2 = Gk — bre

Figure 5.2: Reduction of a DFT of order n = 8 to two DFTS of order 7/2 = 4.
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Recursion. The same tricl is now applied to reduce the two DFTs of order
n/2 to four DFTs of order /4, see Figure 5.3. Four DFTs of order n/4 cost

2 2
4 X (%) = nz multiplications.
In addition there are 7/2 multiplications to recombine the results of the DETs of
order n/4 and n/2 multiplications to recombine the results of the DFTs of order
n/2. The total effort is therefore 7°/4 + n.

This process can be continued until it ends with DFTs or order n = 1, which
is the case after 1d(n) steps. As a DFT of order n = 1 costs nothing the only
remaining costs are 7/2 multiplications for the recombinations, i.e. in total

1
inld(n) multiplications.
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z
fol ppr 0
fa <1
z
f2 ppT 2
Iy B
z
i DFT _4
e z5
z
ﬁ DFT _6
fr 27
4 (%)2 Mult. n/2 Mult. n/2 Mult.

Figure 5.3: Reduction of a DFT of order n = 8 to four DFTs of order n/4 = 2.

fo
f1
A
fo
A
fs
A
I

n/2 Mult. n/2 Mult.

Figure 5.4: FFT of order n = 8 costs nld(n) = 12 complex multiplications.
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Bit Reverse. As we see in Figure 5.3, the coefficients of the input vector f
are permuted first before they enter the DFT chain. For n = the order is

fo, f, f2, fes f1, f55 f3, fr-

The underlying principle of this permutation becomes clear when the indices
are written in binary notation and compared to the natural order:

0 4 2 6 1 5 3 7
000 100 010 110 o001 101 O11 111
000 001 010 011 100 101 110 111

0 1 2 3 4 5 6 7

The order in which the ﬁcomponents enter the chain is obtained by presenting
the numbers 0, ...,n — 1 binary, reversing the bit order and converting back to
decimal system. Correspondingly for n = 16 we obtain the following order:

0 | 1 | 2 | 3 | 4| 5 |..] 14|15
0000 | 0001 | 0010 | 0011 | 0100 | 0101 | ... | 1110 | 1111
0000 | 1000 | 0100 | 1100 | 0010 | 1010 | ... | OL1L | 1111

0 | 8 | 4 | 12| 2 | 10 7| 15
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6 Properties of the DFT

Let f € R™ be a vector whose components are the samples of a signal. The
components of f are addressed with indices 0 to n — 1. The DFT of f is
denoted by F, i.e.

F = DFT(f).

According to the definition of the FFT on page 61 it holds that

. 1 -
F = —-B*f
n

or
1 n—1
F, = = E f€€727rjk5/n.
n
=0

We will apply the same notation as for the Fourier Transform and write
fo—e F
or
fe o—e Fj.
Modulo Function For every integer £ € Z and n € N we define £ mod n (read
¢ modulo n) as
fmodn = [(+qn
where g € Z is such that
0<l+gn < n.

In order to obtain £modn we begin with ¢ and repeatedly add or subtract n
until the result is between 0 and n — 1. For example

Tmod3 = 1
9mod3 = 0
—5mod3 = 1
—1lmod3 = 2
Omod3 = 0.

If £ is positive, then £modn is simply the rest of integer division £ by n.
Some properties of the modulo function:

{modn = / for {=0,1,...,n—1
0

—1lmodn = n-—1.

nmodn
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6.1 Cyclic Shift

Let ¢ € R™ be the vector obtained by cyclic shifting the components of f eR”
one place, i.e.

g = feo1 fort=1,2,....n—-1
and
9 = [fn-1-
Using modulo function this can be written in one line:
ge = fu-1)modn, £=0,1,....,n—1

As shown in Figure 6.1, cyclic shifting means that all samples of f are shifted
one place to the right and the last sample moves to the beginning.

e

L,

0 n—1

SN

I ge = f(é—l)mod n

l

0 n—1

Figure 6.1: Cyclic Shift

Cyclic shift in the time domain has its correspondence in the frequency domain
which is very similar to the Fourier Transform.

Theorem 6.1 (Cyclic Shift)

f(éfl)modn o—e 6_2ﬂjk/an
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The proof is as follows:

1 n—1 o
f(Zfl) modn O ® H Z f(ffl) modn € 2mkt/n
=0
1 n—1
_ e—27r]k/nﬁ Z f((—l)modn 6—271']16(@—1)/71
£=0
1 n—2
67271']]6/715 Z fgmodnef%rjkl/n
=—1
1 n—2
— 6727rjk/n7 (Z fo 6727rjk2/n + fn_leZﬂ'jk(l)/n>
n
£=0

n—2
_ e—27rjk'/nl ( fl e—QTrjké/n + fnle—Qﬂjk(n—l)/n>
0

n
=

1 n—1
_ 6727rjk/n7 E f@ 6727r]k5/n
n
£=0

e—27r]k/an

As an immediate consequence we obtain the following correspondence for cyclic
shift by m places:

oo —27jk
f(E—m) mod n e ™ m/an
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6.2 Cyclic Convolution

As shown in Section 3.2 we can filter a signal by discrete convolution. However,
this process is expensive. The convolution of two sequences of length n costs
n? multiplications. The convolution theorem suggests that discrete convolution
can be implemented more efficiently in the frequency domain by component wise
multiplication, which costs only n multiplications. Yet, there is a complication
in the discrete case. Multiplication in frequency domain means not convolution
in time doman but a variation of it called cyclic convolution. However, we
will rectify this later on by showing how convolution can be done using cyclic
convolutions, which we can do efficiently via FFT.

Definition 6.2 (Cyclic Convolution)
The cycilc convolution ® € R™ x R™ — R"™ is defined by

n—1

(.]?® .(7)@ = Z gmf(ffm) mod n-
m=0

Cyclic convolution has the same properties as normal convolution, like commu-
tativity and linearity:

f@é’ é’@if
(cfl®g = c(f®9)
(itf)od = (Aed)+ (Lo

Important for us is the interrelation between cyclic convolution and DFT.

Theorem 6.3 (Cyclic Convolution Theorem)
Cyeclic convolution in time domain corresponds to component wise mul-
tiplication in frequency domain, i.e.

Theorem 6.3 can be rewritten in vector notation as
1, - R
ﬁ(f ®g) o—e FG

where the multiplication of the vectors on the right hand side is done component

wise.

Computational Costs. Theorem 6.3 is important because it can be used to
reduce the costs for cyclic convolution.

e The computation of

n—1
(f®§)£ = Z gmf(é—m) modn

m=0
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costs n multiplications. The computation of
feg
costs therefore n? multiplications.

e We can do cyclic convolution much faster via FFT. Multiplying both sides
of the correspondence with n? we obtain

— —

n(feg o—e (nF)(nG).
The computation of nF and nG by FFT costs
nld(n) multiplications.

Component wise multiplication H = FG costs n multiplications. We
obtain

—

n(fog o—e n’H
or
(fog o—e H.
Inverse FFT of H costs
%nld(n) multiplications.
Finally each component of the result has to be multiplied by n in order

to obtain f ® ¢, which costs another n multiplications. The total effort is
therefore

nld(n) +n + %nld(n) +n = n (2ld(n) + 2) .

For n = 256 cyclic convolution in time domain costs 65536 multiplications, the
indirect route via FFT only 3 584.
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Now for the proof of Theorem 6.3:

n—1

1 )
R
n m—0
G
1 n—1
— sl Z Figm o~ 2mikm/n
n m=0
1 n—1 1 n—1
m=0 =0
Fy,
1 n—1n-—1
= = Z Z G fo e~ 2TIR(EFT) /1
2
n m=0 £=0

1 n—1 m+n—1

= ﬁ Z Z gmJo—m 6727rjkf/n

m=0 {=m

1 nt /ool m+n—1
B Y (STR P Sy
l=m

m=0 —n
1 n—1 n—1 m—1
- ﬁ Z (Z gmfz*m 6727r]k€/n + Z gmf(é—m) mod n 62ﬂ]k(€+n)/n>
m=0 \f=m =0
1 n—1n—1
- ﬁ Z Z gmf(éfm) modn e_Qﬂij/n
m=0 ¢=0
1 n—1n—1
- n2 Z Z gmf(@—m) mod n e_zﬂjkl/n
" £=0 m=0
(f23):
n—1

- (F® gy et/
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Example 6.4 In analogy to the time continuous case there is a discrete
Dirac impulse defined by

I 1 ife=0
0 € RY, 66_{0 else.
As expected it holds that
f = fod

From the definition of the cyclic convolution it follows that

n—1
(f ® 6)@ = Z 5mf(€7m) mod n+
m=0
In this sum all summands are zero except the one for m = 0. Hence
n—1
Z 6mh(€—m) modn — fZ~
m=0
The same result is obtained using DFT. The DFT of the Dirac impulse is
1 n—1
5 - —2njké/n
¢ O—e " Z 5@6
£=0
1 27jk0/n

= —e
n

= 1/n.

and therefore
As

it follows that
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Example 6.5 Let gy be the Dirac impulse shifted by one, i.e.

I (1 ife=1
geRY, ge = {O else.

For the cyclic convolution of f and ¢ it holds that

n—1
(f®§)£ = Z gmf(é—m)modn'

m=0
In this sum every summand is zero except the one for m = 1. Hence

n—1

Z gmf(éfm) modn f(lfl) modn-

m=0

It follows that
(f® g)f = f([*l) mod n»

i.e. the effect of cyclic convolution of f with ¢ is cyclic shift by one place.

The same result is obtained using Theorem 6.3. The DFT of g is

1n—1
G _ = —2mjkl/n
T
£=0
— le—Qﬂjk/n-
n
Hence
L = —27jk/n
—(fege o—e F e
or

(fode o—e R,
According to Theorem 6.1 it holds that
f—1)ymoan o—® e ZI/npy
and therefore

(f®d)e= fee=1) modn-
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7 Fast Convolution with FFT

In the previous section we saw that cyclic convolution can be done very efficiently
with FFT. Next we will show how linear® convolution can be implemented using
cyclic convolutions. In this way linear convolution, which plays a key role in
digital signal processing, can be done efficiently with FFTs.

Linear convolution of two signals f and g is defined by

o0

(f*g)ﬁ = Z gmfffnr

m=—0o0

In many applications g is the impulse response of an FIR filter and therefore
non-zero only in a finite interval £ =0,...,G — 1.

ge = Ofor¢¢&[0,G—1].

In this case convolution simplifies to a finite sum

G-1
he = (f*g)e = ngfé—m~
m=0

The computation of hy can be realized by an inner product of two vectors with
G components each.

Convolution of a Signal Block. We make the preliminary assumption that
not only g but also f is non-zero only in some interval £ = 0,..., F — 1 with
F>a@G,ie.

fe=0for £ &[0, F—1].

Figure 77 illustrates this for G = 4 and F' = 9. The dashed lines indicate that
the signals are zero in this region.

Let g, f € R be vectors whose components are given by the first ' samples
of g and f. Linear convolution f % g is obviously not identical with cyclic
convolution f ® g. However, the result is the same for certain values of . From
the example in Figure 7.2 we see that linear and cyclic convolution conicide for
¢ =3,...,8 because there is no “wrapping” in cyclic convolution. In general it
holds that

(Fofe = (fxglforb=G—1,...,F—1.

This should be obvious from a comparision of Figure 7.1 and 7.2 but can be

3In order to distinguish “normal” convolution from cyclic convolution we will use the term
linear convolution for the former.
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Computation of hs

0 l F-1
fo
#
G-1
e e e T B S S e
%m
l F+G-2

14 F—-1

S S W S S S
%m
G—-1
e e e T B S S e
%m

¢ F4+G-2

he : } } } } } } } } } f

0 F—-1 /¢
fo b
%m
G-1
e e e T B S S B S
%m
l

Figure 7.1: Linear convolution hy = (f * g)y for G=4 and F =9
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Computation of hs

0 l F-1
S ottt
= m

. G-1
e T SRR SRS S
m
l
R e

0 ¢ F—-1
ottt cyclic
~m ~m # linear
G-1
J ——————F--oobeeme b mep e np e
m
14

0 l F-1
S ottt
= m
. G-1
R e e T SRR SRS
m
L
T R e

Figure 7.2: Cyclic convolution h= f@ gforG=4and F=09.
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verified as follows. Let G — 1 < ¢ < F — 1. Then it holds that

F—

1
(f ®§)Z = Z gmf(é—m) mod F

m=

= o

G-
= Imf(t—m) mod F da g, =0 f'urm > G

= gnz.fé—’m daf>G—1

Convolution of an unlimited Signal. If f is not limited in time or a signal
with long duration we cut out successively blocks of length F' from f and con-
volve them cyclically with the impulse response g. The first G — 1 values of the
results are useless as seen above, the remaining F' — G + 1 values coincide with
linear convolution. Thus, if the sample blocks from f overlap by G — 1 values
we can compute that way the entire signal f * g. In each cyclic convolution we
obtain F' — G + 1 values of the signal h = f % g and despose the remaining first
G — 1 values, see Figure 7.3.

The precise calculation of the indices is a bit tedious but has to be done
for the implementation in a computer program. The first block contains the
samples

f-c+1to frc

and gives after cyclic convolution with g and the elimination of the first G — 1
values

ho bis hp_g.
In each of the subsequent block operations the indices shift by

A = F-G+1.
For i =0,1,2,... the i-th block of f contains F' samples
f-Gt14ia 1O fr_ayin.

From the result of cyclic convolution of this block with g the first G — 1 values
are disposed. The remaining F' — G + 1 values are

hia to hp_giin.

The algorithm in pseudo code looks as follows:



7 FAST CONVOLUTION WITH FFT

88

—t+—+—+—+—+—+— fo
— fs... f11
—eb--1 G
. hia
1 f9... f17
———t-F--F-b--F--] Gt
wrong —+— hig... hiy

Figure 7.3: Convolution h = f*x g for G=4 and F = 9.

Program fast convolution with FFT

Input:
Impulse response go, . ..
Input signal fo, f1,...

,gG_]-

Output:
Outputsignal hg, h1, ...

g‘: (907915"'7gG717O70a"'70)T
h =)

A=F-G+1

s=—-G+1

while(true)

(fsv fs+17 ferFfl)T

f =
7=f®g

h C ...,ZF_l)
S

Impulse response as F-dimensional vector
Initialise h als empty sequence

Shift width

Start index

F-dimensional sample block

Cyclic convolution with FFT
Take correct sample values
Shift start index
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Computational Cost of Fast Convolution. The number of multipications
to compute F'— (G +1 correct samples in one iteration of the the above algorithm
can be estimated as follows. Let F' and G be the DFT of a block of f and the
zero padded impulse response. The computation of

1=
-G
n
can be done in advance. The cyclic convolution
7= fog
consists of the following steps:
e The FFT of fcosts
L Fla(r)
2
multiplications.
e Computation of
152
—FG
n

costs F' multiplications.

o Its inverse FFT costs another
1
—F1d(F
5 Fld(F)
multiplications.

The effort per sample of fast convolution is therefore

FId(F)+ F
F-G+1°

In order to obtain the optimal block length F for a given filter length G we have
to find the zero of the derivative of this term with respect to F. This leads to
a nonlinear equation which cannot be solved in closed form. However, as F' has
to be a power of two, the optimal block length can easily be determined.

Example 7.1 With a filter length G = 100 we obtain an optimal block
length F' = 1024 and about 12.18 multiplicaion per sample with fast con-
volution. This is less than 100 multiplications per sample with straight
forward convolution in time domain. However, we should take into account
that fast convolution uses complex multiplications whereas the multipli-
cations in time domain are real.

Example 7.2 With a filter length G = 1024 we obtain an optimal block
length F = 8192 and about 16 multiplications per sample with fast con-
volution, which is much less than 1024 multiplications per sample with
convolution in time domain. Even if we respect that a complex multi-
plication costs 4 real multiplications, we still obtain a speedup of factor
16.



8 AMPLITUDE MODULATION 90

8 Amplitude Modulation

Let f(t) be a band limited signal with cutoff frequency we, i.e.
Flw) = 0 for|w|> we.

Further let @ > w.. According to Theorem 1.15 it holds that
1
f(t) cos(wt) o—e §(F(w — @)+ F(w+®)).

We obtain two copies of F(w) shifted by +&. As w. > & the two copies do not
overlap. While the original signal f(¢) coverd the frequency band [0,w.], the
modulated signal f(t) cos(wt) covers [@ — we, ® + w].

Now let us multiply f(t) cos(@t) once more by cos(t) and scale by factor 2. We
obtain

2f(t) cos(wt) cos(wt) o—e %(F(w —20) 4+ F(w) + F(w) + F(w + 20))
= F(w)—&—%(F(w—QGJ)—FF(w—i—Z@)).

The result consists of the original signal F'(w) and two copies shifted by +2o.
In order to recover F(w) from this signal we apply a low pass filter with cutoff
frequency @, which deletes the shifted copies.

ft) o—e 1/\
f(t) cos(wt) o—e 12 + /\
w _ wf w —|— We
2f(t) cos(wt) cos(wt) o—e 1/\
R

This procedure is called amplitude modulation and is used to transmit two band
limited signals f1, fo with cutoff frequency w,. simultaneously over a common
medium like a cable or air in case of wireless communication. All we have to
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do is choose suitable modluation frequencies @1, Wo such that the copies do not
overlap in frequency domain.

Wi2 2 W
>

(2)2 - (2)1‘ 2wc.

The transmitted signal is
J1(t) cos(@it) + fa(t) cos(Wat).
If the receiver wants to recover f;(t) he demodulates with 2 cos(@;t) and obtains
2(f1(t) cos(nt) + fo(t) cos(@at)) cos(@it), — i=1,2.

Low pass filtering with cutoff frequency w, gives f;(t).

fi(t) o—e 7\

fa(t) o—e .

f1(t) cos(@it) + fa(t) cos(wat) o—e
1z

VAN VARNVA NI .

1
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8.1 Quadrature Amplitude Modulation

Quadrature amplitude modulation is a technique to use bandwidth more effi-
ciently. It allows us to transmit two signals f(¢) and g(¢) simultaneously in the
same frequency band, i.e. using the same modulation frequency @. All we have
to do is modulate f(t) with cos(&t) and g(t) with sin(&t).

If the receiver demodulates with 2 cos(@t) he obtains f(t) after low pass filtering.
Demodulating with 2sin(@t) and low pass filtering gives g(t).

This can be seen as follows. Let f, g be band limited signals with cutoff frequency
We, 1.€.

Fw) = Gw) = 0 for |w| > we.

Assume the modulation frequency & is large enough, i.e. & > w,.

The transmitted signal is
f(t) cos(@wt) + g(t) sin(wt).
If the receiver demodulates with 2 cos(wt), he obtains

2f(t) cos(wt) cos(wt) + 2¢g(t) sin(wt) cos(wt) .

O—0A(w) O—®B(w)
From the previous section we know that
Alw) = F(w) for|w| < w..
So it remains to show that
Bw) = 0 for|w| < we.

This can be easily derived from the following picture.
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g(t) sin(@t) o—s e T

S

2¢(t) sin(wt) cos(wt) o—e /25 +

The proof follows from Theorem 1.15.

g(t)sin(@t) o—e %(G(w — &)~ Gw+ b))
2¢(t) sin(t) cos(wt) o—e 2ij(G(o.J —20) — G(w) + G(w) — G(w + 2w))
= %(G(w—Qd)) - Gw+20)) = B(w).

As & > w. and G(w) = 0 for |w| > we, it follows that B(w) = 0 for |w| < we.

The situation when the receiver demodulates with 2sin(@t) is analog.
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8.2 Hilbert Transform

The Hilbert transform and the analytic signal are theoretical foundations for
single side band amplitude modulation which needs only half the bandwidth
compared to normal amplitude modulation.

Definition 8.1 (Hilbert Transform)
The Hilbert transform f of a signal f is defined as

Hilbert transform means simply convolution with 1/z¢. As

1 .
— o—e —jsign(w)
it
we obtain
Flw) = —jsign(w)F(w).

This means that F(w) is multiplied by a constant factor —j for w > 0. The
magnitude of F(w) remains the same but 7/2 is subtracted from the angle. All
oscilations in f(t) are phase shifted by —7/2.

For example, if f(t) = sin(wt) then f(t) = sin(wt — 7/2) = — cos(wt).

If we apply the Hilbert transform twice on f(t) we obtain in frequency domain

(—jsin(w))(—jsign(@))Fw) = —Fw), w#0.
In time domain this means
e f) = ()
f) = e ).

We can reconstruct the original signal f(¢) from its Hilbert transform f (t) simply
by convolution with —1/x¢.

Theorem 8.2 (Inverse Hilbert Transform)
Let f be the Hilbert transform of f. Then

f) =~ f0).

Example 8.3 The Hilbert transform of sin(t) is

sin(t) * % o—e —jn(d(w—1)—0(w+1))(—jsign(w))
= —7(0(w—-1)—=w+1))sign(w)
= —7(0w-1)4+dw+1))
(

e—o —cos(t).
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From the above theorem follows that the inverse Hilbert transform of
sin(t) is cos(t) and therefore the Hilbert transform of cos(t) is sin(¢). This
confirms that the Hilbert transform performs a phase shift by /2.

Example 8.4 From the Fourier transforms
1
o—e —lwl
PR me
t

o—e —jmsign(w)e” !

241

we can directly see that the Hilbert transform of ﬁ is ﬁ and vice

. t - 1
versa the Hilbert transform of TS — T

Example 8.5 The Hilbert transform of 1/xt is —d(t) as

L1 . 2 _
ke (=jsign(w))” = —1 e—o —4(t).

The si function plays an important role in signal processing because it is the
impulse response of the ideal low pass filter, which is useful for signal recon-
struction or D/A conversion. Fortunately it has a simple Hilbert transform.

Theorem 8.6
Let a > 0. The Hilbert transform of si(at) is
1 1-—- t
si(at) « -~ = Lzcoslat)
7t at
for t # 0 and zero for t = 0.
1
ot si(t)
1
| f - t
—27 2
/\\/ \//\ =t
—27 27
1 — cos(t)

=27 27
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With some good will we can see the 7/2 phase shift between si(¢) and 17%05(’&)

caused by the Hilbert transform. Note that the Hilbert transform of the si
function can also be interpreted as the result of low pass filtering 1/x¢, which is
equally visible in the above picture.

Proof. The Fourier transform of the si-function is
si(t) o—e mrect_11(w)
with

1 fa<w<b
rectap(w) = { 0 else

Applying Theorem 1.16 we obtain

si(at) o—e grect,a,a(w).

With the help of the Convolution Theorem we obtain

1
—t*Slat o—e

Jsign(w rect,a a(w)
71'

(=
—]7r/a 1f0<w<a
jﬂ'/a if0>w>—-a
else

1 T
( ewtdw /ﬂe-wtdw)
2 0 a
] O a
= (/ eIt dw — /ejwtdw>
2(1, 0
1 wt jwt] @
= gl - T) A0
1 704 a
= 270/'&(1 jat ej t+1)
1 ja —Ja
- )
1
= @(2 — 2 cos(at))
1 — cos(at)

at

The special case t = 0 is easy to see.

Theorem 8.7
If f is band limited with cutoff frequency w. then its Hilbert transform
f is also band limited with cutoff frequency w.

Proof. Follows immediately from
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We will now show how the Hilber transform can be computed with digital signal
processing when signals are given as sequences of samples. We assume that f(t)
is band limited and the sampling interval T is large enough to avoid aliasing.
We obtain the samples

fr = f(kT), keZ.

As shown in Section 3.1 we can reconstruct the analog signal f from its samples
with the ideal low pass filter

f@) = fot) *si(nt/T)

where

fot) = D fud(t — kT)
k

is the pulse train of samples.

The Hilbert transform of f is

f@) = ft)x =

7t

fp(t) = si(mt/T) = %

As convolution is associative, we can begin with the second product, which
means low pass filtering of 1/x¢ or Hilbert transform of si(wt/T). This has
already been done in Theorem 8.6 and with a = 7/T we obtain

si il * r_z 1 — cos t
T nt ot T
for ¢ # 0 and zero for ¢t = 0.

Now using the properties of the Dirac pulse as in Section 3.2 we obtain
foy = 02 (1-0s (7))

zk:fké(t — kT * 711_;(1 — cos (?))

S (1 (M)

In order to be precise we should mention the exception for the k-th summand,
which is zero in the special case t = kT
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As we are only interested in the samples of f we obtain

fe = fUT)
- T (e ()

Znﬁu — cos (m(¢ — )))
k

= Y hpgy (- eos (e =)
k

ge—k

= Z Srge—r

k

= (f*9)

where the * in the last line means discrete convolution. The (discrete) impulse
response of the Hilbert transform is therefore

o = L(1—cos(nk)) k#0
0 k=20
B 2 if kis odd
o 0 else

Hilbert transform of an analog signal f corresponds to convolving its samples
fr with gi. Unfortunately the impulse response gy is neither causal nor limited
in time. However, for large |k| the values of g; are small and can be truncated
without too much loss of accuracy. If we accept some time delay, the Hilbert
transform of a signal can be computed in real time. The same optimizations
with windowing as in Section 3.2 are applicable.
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8.3 Analytic Signal

Let f € R — R be a real signal with Fourier transform F(w). As f is real, it
holds that

The values of F(w) for negative w are therefore redundant. This means that in
signal transmission applications we can save half of the bandwidth!

The analytic signal f* of f is obtained by setting F(w) to zero for negative w.
More precisely we define the analytic signal f* of f as follows.

Definition 8.8 (Analytic Signal)
Let f € R — R be a real signal with Fourier Transform F(w). Let

2F(w) forw>0
Frw) = F(w) forw=0
0 for w < 0.

= 20(w)F(w).”

The analytic signal f*(t) is defined as

frt) o—e Ff(w).

“We use the modified step function, whose function value is 1/2 at w = 0, see footnote on
page 28

F(w) Ft(w)

—o f(t) —o f*(t)

Note that even though f is real, the analytic signal f +A is complex. The analytic
signal can be expressed using the Hilbert transform f, see Definition 8.1.

Theorem 8.9 .
Let f € R — R with Hilbert transform f and analytic signal f*. Then

R = fO+if@).

Proof. Inverse Fourier transform of F'*(w) using

(st0+2)

DN | =

a(w) —O
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and the Convolution Theorem give

) = (5(t)+j)*f(t) — J)+3f0). O

it

It is obvious that F(w) can be obtained from F*(w) as f is real. The next
theorem shows how f(t) can be obtained from f¥(¢) without Fourier transform.

Theorem 8.10
Let f € R — R with analytic signal f*. Then

f) = re(f*(1)).

Proof. As f is real, it holds that

Therefore, according to Definition 8.1 and Theorem 1.11 it holds that
1 .
F) = $(Frw+F(w)

—o (Frn+Tm)
= (/). O
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8.4 Single Side Band Amplitude Modulation

Single side band amplitude modulation is an improvement over amplitude mod-
ulation which has the advantage that it needs only half the bandwidth. It can
best be understood in the frequency domain using pictures.

Let f(t) be a real, band limited signal. With normal amplitude modulation we
would multiply f(t) with cos(&t), see Section 8

1
f(t) o—e / \

iy 4

f(t) cos(wt) o—e

|
T
w

As f(t) cos(&t) covers twice as much frequency space as f(t), transmitting this
signal is a waste of bandwidth. What we would prefer to transmit is a signal
fsb(t), which looks like this.

2
Fan(t) o—e ‘

w

&

Note that fyp, is a real signal. Demodulating and low pass filtering fq,(t) at the
receivers side will give us back the original f(t).

low pass

The straight forward way to generate fg,(t) is to high pass filter f(t)cos(wt)
with cut off frequency @. However, in order to avoid distortions of the signal,
this would require very high edge steepness. A better way is as follows. The
analytic signal f (t) of fs(t) is obtained by deleting negative frequencies:
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f(t) o—e

&

If we had f(t) we could easily get fs,(t) by taking its real part, see Theorem
8.10:

fa(t) = re(fi(1)).
The Signal f:{)(t) can be obtained from fT(t) by shifting in frequency domanin.

f(t)e?™t o—e F(w—&)

fr(t) o—e

& 4

Hence
) = fr)et

And finally the analytic signal fT(¢) can be obtained with the Hilbert transform

PN

f(t) of f(¢), see Theorem 8.9

fsb(t) = re(f;{)(t)) ‘

= f(t)cos(wt) — f(¢)sin(wt).

As shown in Section 8.2 the Hilbert transform f (t) can be computed easily
with digital signal processing. The derivation of fg,(t) was mostly done in the
frequency domain, but the actual computation of this signal is done entirely
in time domain. The result can be interpreted as a mixture of a cos- and sin-
modulated signal, where a phase shift by /2 was applied before sin-modulation.
In that sense we see similarity to quadrature amplitude modulation in Section
8.1
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Sender
+

f @) - cos(wt) fso(t)
band limited band limited

[O’ WC] 1 [d)a W+ wc]

*— -sin(wt)
it
Hilbert Modulation
transform

Receiver

fsv(t) ——= - cos(@t) low gass = f(t)
band limited cutoff we band limited

[©,& 4+ w:  Demodulation [0, w¢]
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A

Appendix

A.1 Properties of Convolution

Commutative Law
frg = gxf
Associative Law
(fxg)xh = [fx(gxh)
Linearity (including Distributive Law)

(fitfa)xg = fixg+faxyg
(af)xg = a(f*g)

Time Invariance
fixg = (fx9); = [*g;
Permutability of Convolution and Derivative
fleg = (fxg9) = f*g

Integration by Convolution with Step Function
t
(rra) = [ far
Neutral Element

[0 = [

Generalized Derivative

Sifting Property
f@#)o(t—a) = f(a)i(t—a)
| fwie-a = 1@



A APPENDIX 105

A.2 Fourier Transform Pairs

o(t) o—e 1
1 o—e 27i(w)

%t o—e 2mi(w — &)

o(t)e™ o—e - ! falls a < 0
jw—a
cos(wt) o—e w(0(w—k)+0(w+ b))
sin(wt) o—e —jn(d(w— D) — d(w+ D))
. 2
sign(t) o—e —
Jjw
1 .
;o —jmsign(w)

o(t) o—e _—L—i—ms(w)

L 50t) o—e 20(w)

Tt
1
o—e 2Tsi(wT)
=T T
! ]%(1 —e Ty fallsw #0
T fallsw =10
T
o 1
—si(0t) o—e
0
-0 w
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A.3 Properties of Fourier Transform

Symmetry
f(t) real o—e F(—w)=F(w)
f(t) real, even o—e F(w) real, even
f(t) real, odd o—e F(w) imaginary, odd
Linearity
fA)+g(t) o—e F(w)+Gw)
af(t) o—e aF(w)
Time Shift

Frequency Shift

Modulation

Time Reverse

Time Expansion

Integration in Time Domain

/_toof(u)du o—e (.1+7T§(w)>F(w)

Jw

Derivative in Frequency Domain

(=it f(t) o—e F'(w)
(=gt f(t) o—e F'(w)
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Convolution in Time Domain
(fxg)(t) o—e F(w)G(w)
Convolution in Frequency Domain

fg(t) o—e (F+G)w)

2
Sampling
oo o0 1 oo
F(t) n;ﬁ 5(t —nTy) = n;oo fad(t —nTy) o—e E k; F(w — kws)
Sampling Periodic Continuation

Parseval’s Theorem

[ or = o [ iFwp

—00 2m —00
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digital-analog conversion, 39

Dirac comb, 32

discrete convolution, 46, 79

discrete Dirac impulse, 82

Discrete Fourier Transform, 61
Discrete Time Fourier Transform, 55
Distribution, 5

DTFT, 55

duality principle, 27

fast convolution, 88

Fast Fourier Transform, 67
FFT, 69

Fourier Coefficient, 12
Fourier Series, 11

Fourier Transform, 14

Hamming Window, 45
Heaviside function, 9

IDFT, 61
Inverse Discrete Fourier Transform, 61
Inverse Fourier Transform, 14

linear convolution, 84
low pass filter, 43

Modulation, 19
modulo function, 76

neutral element, 8

phasor, 67
pulse train, 32

rectangular function, 39

sampling, 34
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